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Abstract 

We report on some recent work on deformation of spaces, notably deformation 
of spheres, describing two classes of examples. 

The first class of examples consists of noncommutative manifolds associated with 
the so called 0-deformations which were introduced in J2j out of a simple analysis 
in terms of cycles in the (6, i?)-complex of cyclic homology. These examples have 
non-trivial global features and can be endowed with a structure of noncommutative 
manifolds, in terms of a spectral triple {A,TC,D). In particular, noncommutative 
spheres are isospectral deformations of usual spherical geometries. For the 
corresponding spectral triple {C°°{S^),TC, D), both the Hilbert space of spinors 
TL = L^{S^,S) and the Dirac operator D are the usual ones on the commutative 
A'^-dimensional sphere and only the algebra and its action on Ti are deformed. 
The second class of examples is made of the so called quantum spheres which 
are homogeneous spaces of quantum orthogonal and quantum unitary groups. For 
these spheres, there is a complete description of ii'-theory, in terms of nontrivial self- 
adjoint idempotents (projections) and unitaries, and of the i^-homology, in term of 
nontrivial Fredholm modules, as well as of the corresponding Chern characters in 
cyclic homology and cohomology. 



These notes are based on invited lectures given at the International Workshop on Quantum 
Field Theory and Noncommutative Geometry, November 26-30 2002, Tohoku University, 
Sendai, Japan. To be published in the workshop proceedings by Springer- Verlag as Lecture 
Notes in Physics. 
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1 Introduction 



We shall describe two classes of deformation of spaces with particular emphasis on spheres. 

The first class of examples are noncommutative manifolds associated with the so called 
^-deformations and which are constructed naturally ^\ by a simple analysis in terms of 
cycles in the {b, S)-complex of cyclic homology. These examples have non-trivial global 
features and can be endowed with a structure of noncommutative manifolds, in terms of a 
spectral triple {A, H, D) [101 Il2]- In particular we shall describe noncommutative spheres 
which are isospectral deformations of usual spherical geometries; and we shall also 
show quite generally that any compact Riemannian spin manifold whose isometry group 
has rank r > 2 admits isospectral deformations to noncommutative geometries. 

The second class of examples is made of the so called quantum orthogonal spheres , 
which have been constructed as homogeneous spaces jHO] of quantum orthogonal groups 
SOg(A^-l-l) and quantum unitary spheres S'^"'^^ which are homogeneous spaces of quantum 
unitary groups SUg(n -|- 1) 59^. The quantum groups SOq(A^ -|- 1) and SUq(?T, -|- 1) are R- 
matrix deformations of the usual orthogonal and unitary groups SO(iV-l-l) and SUg(n-l-l) 
respectively. In fact, it has been remarked in [H^ that 'odd' quantum orthogonal spheres 
are the same as 'odd' quantum unitary ones, as it happens for undeformed spheres. 

It is not yet clear if and to which extend these quantum spheres can be endowed 
with the structure of a noncommutative geometry via a spectral triple. There has been 
some interesting work in this direction recently. In [Hj a 3-summable spectral triple was 
constructed for SUg(2); this has been thoroughly analyzed in ^3] in the context of the 
noncommutative local index formula of ^HI- A 2-summable spectral triple on SUg(2) 
was constructed in Tj together with a spectral triple on the spheres S^^ of Podles jlU] . 
Also, a '0-summable' spectral triple on the so called standard spheres has been given in 
jSni IHHl EH] • Instead, on these spheres one can construct Fredholm modules, which provide 
a structure which is somewhat weaker that the one given by spectral triples. Indeed, a 
Fredholm module can be though of as a noncommutative conformal structure [20] • This 
construction for the quantum spheres will be described in Section |B1 closely following 
the paper [5^ . 

All our spaces can be regard as "noncommutative real affine varieties". For such an 
object, X, the algebra A{X) is a finitely presented *-algebra in terms of generators and 
relations. In contrast with classical algebraic geometry, there does not in general exist a 
topological point set X. Nevertheless, we regard X as a noncommutative space and A{X) 
as the algebra of polynomial functions on X. In the classical case, one can consider the 
algebra of continuous functions on the underlying topological space of an affine variety. 
If X is bounded, then this is a C*-algebra and is the completion of A{X). In general, 
one defines C{X) to be the C*-algebraic completion of the *-algebra A{X). To construct 
this, one first considers the free algebra F{X) on the same generators of the algebra 
A{X). Then, one takes all possible *-representations vr of F{X) as bounded operators 
on a countably infinite-dimensional Hilbert space Ti. The representations are taken to be 
admissible, that is in B{l-C) the images of the generators of F{X) satisfy the same defining 
relations as in A{X). For a G F{X) one defines ||a|| = Sup ||vr(a)|| with vr ranging through 
all admissible representations of F{X). It turns out that ||a|| is finite for a G F{X) and 
II ■ II is a seminorm. Then X := {a G F{X) = 0} is a two-sided ideal and one obtains a 
C*-norm on F{X)/I. The C*-algebra C{X) is the completion of F{X)jX with respect to 
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this norm. The C*-algebra C{X) has the universal property that any *-morphism from 
A{X) to a separable C*-algebra factors through C{X). In particular, any *-representation 
of A{X) extends to a representation of C{X). 

The word instanton in the title refers to the fact that all (in particular even) spheres 
come equipped with a projection e e Matr-(A(X)), = e = e*, for X = and X = . 
These projection determines the module of sections of a vector bundle which deforms the 
usual monopole bundle and instanton bundle in two and four dimensions respectively, and 
generalizes them in all dimensions. 

In particular on the four dimensional 5'^, one can develop Yang- Mills theory, since 
there are all the required structures, namely the algebra, the calculus and the "vector 
bundle" e (naturally endowed, in addition, with a preferred connection V) . Among other 
things there is a basic inequality showing that the Yang-Mills action, YM{V) =-^9"^ ds^, 
(where 5 = is the curvature, and ds = D^^) has a strictly positive lower bound 
given by the topological invariant (f{e) = j-^{e — |)[D,e]^ ds^ which, for the canonical 
projections turns out to be just 1: ip{e) = 1. 

In general, the projection e for the spheres Sj^ satisfies self-duality equations 

*^e(rfe)" = i"e(de)", (1.1) 

with a suitably defined Hodge operator *h jlEI (see also P and IS]). 
An important problem is the construction and the classification of Yang-Mills connections 
in the noncommutative situation along the line of the ADHM construction 0|. This was 
done in ^H] for the noncommutative torus and in jlHj for a noncommutative M^. 

It is not yet clear if a construction of gauge theories along similar lines can be done 
for the quantum spheres X = . 

There has been recently an explosion of work on deformed spheres from many points 
of view. The best I can do here is to refer to |22] for an overview of noncommutative and 
quantum spheres in dimensions up to four. In (5^ there is a family of noncommutative 
4-spheres which satisfy the Chern character conditions of J7] up to cohomology classes 
(and not just representatives). Additional quantum 4-dimensional spheres together with 
a construction of quantum instantons on them is in [22] • A different class of spheres in any 
even dimension was proposed in |3]. At this workshop T. Natsume presented an example 
in two dimensions [47^ . 

2 Instanton Algebras 

In this Section we shall describe how to obtain in a natural way noncommutative spaces 
(i.e. algebras) out of the Chern characters of idempotents and unitaries in cyclic homology. 
For this we shall give a brief overview of the needed fundamentals of the theory, following 
[Hj. For later use we shall also describe the dual cohomological theories. 
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2.1 Hochschild and cyclic homology and cohomology 

Given an algebra A, consider the chain complex {C^{A) — ©„C'n(«4),6) with Cn{A) — 
^(g)(n+i) ^j^g boundary map b defined by 

b : Cn{A) ^ Cn-l{A) , 

71-1 

b{ao (g) Oi (g) • • • (g) Gn) ■= ^(— Ij-^Oo (g) • • • (g) ajdj+i (g) • • • g) a„ 

j=0 

+ (-l)''a„ao <g) ai (g) • • • (g) a„_i . (2.1) 

It is easy to prove that 6^ = 0. The Hochschild homology HH^{A) of the algebra A is the 
homology of this complex, 

HH^{A) := Hn{C.{A), b) = Zn/Br^ , (2.2) 

with the cycles given by Z„ := ker(6 : Cn{A) Cn-i{A)) and the boundary given by 
Bn :— im{b : Cn+i{A) Cn{A)). We have another operator which increases the degree 

B : Cn{A) ^ C„+i(^) , B^BoA, (2.3) 

where 

Bo{ao (g) ai (g) • • • g) a„) := I (g) oq (g) ai (g) • • • g) a„ (2.4) 

1 

A{ao (g) oi (g) • • • (g) a„) := '^{-l)'^^aj (g) a^+i (g) • • • (g) aj-_i , (2.5) 

^ j=o 

with the obvious cyclic identification n+1 — 0. Again it is straightforward to check that 
^2 = and that bB + Bb = 0. 

By putting together these two operators, one gets a bi-complex {C^{A),b, B) with 
Cp-q{A) in bi-degree p,q. The cyclic homology HC^{A) of the algebra A is the ho- 
mology of the total complex {CC{A),b + B), whose n-th term is given by CCn{A) :— 
®p+q=nCp-q{A) = ©o<9<[n/2] C'2n-(} (^4) . This bi-complcx may be best organized in a plane 
diagram whose vertical arrows arc associated with the operator b and whose horizontal 
ones are associated with the operator B, 



bi 
Co{A) 



bi 


bi 


C2{A) 


^ CM) 


bi 


bi 


Ci{A) 


^ Co{A) 


bi 




Co{A) 





B 



(2.6) 
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The n-th term CCn{A) of the total complex is just the n-th (NW - SE) diagonal in the 
diagram ()2.6|) . Then, 

HCniA) := H^iCCiA), b + B)= Z^JB^^ , (2.7) 

with the cyclic cycles given by Z^^ := ker(6 + B : CCn{A) — > CCn-i{A)) and the cyclic 
boundaries given by := im(6 + B : CCn+i{A) CCn{A)). 

Example 1 IfM is a compact manifold, the Hochschild homology of the algebra of smooth 
functions C°°{M) gives the de Rham complex (Hochschild-Konstant-Rosenberg theorem), 

n^^(M) ^ HH,{C^{M)) , (2.8) 

with fi^^(M) the space of de Rham forms of order k on M. If d denotes the de Rham 
exterior differential, this isomorphisms is implemented by 

aodai A • • ■ A dak ^ £fc(a.o C?) fli C?) • ■ ■ Cg) dok) (2.9) 

where Sk is the antisymmetrization map 

Ekiao (g) ai (g) ■ ■ • dak) := ^ sign{(j){aQ ® a^(i) ® ■ ■ ■ ® da„{k)) (2.10) 

and Sk is the symmetric group of order k. In particular one checks that b o Sk = 0. The 
de Rham differential d corresponds to the operator B^ (the lift of B to homology) in the 
sense that 

ek+iod= {k + l)B,oek . (2.11) 
On the other hand, the cyclic homology gives |3 \44]l 

HCk{C^{M)) = ^^,^{M)/dn%'{M) ® H',-\M) © H',-\M) © • • • , (2.12) 

where H^^j^{M) is the j-th de Rham cohomology group. The last term in the sum is 
H^^{M) or H\^{M) according to wether k is even or odd. 

From the fact that C'^{M) is commutative it follows that there is a natural decomposition 
(the \- decomposition) of cyclic homology in smaller pieces, 

HCoiC^iM)) = HC^^\C^{M)) , 

HCk{C^{M)) = H&^\C°^{M)) ■ ■ ■ © HC^^\C^{M)) , (2.13) 

which is obtained by suitable idempotents e^^ which commute with the operator B: Be^^ = 
^fe+i"*-^- -^^^ previous decomposition corresponds to the decomposition in and give 

a way to extract the de Rham cohomology 

HCf\C^{M)) = Q',^{M)/dQ',^\M) , 

H&i^\C^{M)) = Hf-\M) , for [n/2] <t<n , (2.14) 

HCi!\C°^{M)) = , for i < [n/2] , 
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Looking at this example, one may think of cychc homology as a generalization of de Rham 
cohomology to the noncommutative setting. 

A Hochschild k cochain on the algebra A is an (n+ l)-linear functional on ^ or a linear 
form on Let C"(^) = Hom(^®("+^), C) be the collection of such cochains. We 

have a cochain complex {C*{A) = 0„C'"(-^),&) with a coboundary map, again denoted 
with the symbol b, defined by 

b : C''{A) C+^A) , 

n 

bip{ao,ai,- ■ ■ ,an+i) := y^(-l)V(ao, ■ ■ • , 0^0^+1, ■ • ■ , On+i) 

j=0 

+ (-l)"+V(an+iaoai, ■ ■ ■ , a„) • (2.15) 

Clearly 6^ = and the Hochschild cohomology HH*{A) of the algebra A is the cohomology 
of this complex, 

HH"{A) := H''{C*{A), b) = Z^'/B'' , (2.16) 

with the cocycles given by := ker(6 : C"'{A) —>■ C'"'^'^{A)) and the coboundaries given 
by 5" := im(6 : C''-\A) C'''{A)). 

A Hochschild 0-cocycle r on the algebra ^ is a trace, since r G Hom(^, C) and the 
cocycle condition is 

r(aoai) — r(aiao) = br^ao, Oi) = . (2-17) 

The trace property is extended to higher orders by saying that an n-cochain (f is cyclic if 
Xip = ip, with 

Av?(ao, ai, ■ ■ ■ , ctn) = (-l)"v5(a„, ao,- - ■ , an-i) . (2.18) 

A cyclic cocycle is a cyclic cochain ip for which bip = 0. 

A straightforward computation shows that the sets of cyclic n-cochains C"(^) = 
{(p> G C"'{A) , Xip = ip} are preserved by the Hochschild boundary operator: (1 — \)ip = 
implies that (1 - X)bip = 0. Thus we get a subcomplex (C^(^) = 0„C'a('^)'^) of ^^e 
complex {C*{A) = 0„ C"\A), b). The c?/c/ic cohomology HC*{A) of the algebra ^ is the 
cohomology of this subcomplex, 

ifC"(^) := H-{Cl{A),b) = Zl/Bl , (2.19) 

with the cyclic cocycles given by := ker(6 : C'^{A) C^^^{A)) and the cychc cobound- 
aries given by B"" := im(6 : C^'\A) C^iA)). 

One can also define an operator B which is dual to the one in ()2.3|) for the homology 
and give a bicomplex description of cyclic cohomology by giving a diagram dual to the 
one in ()2.(i|l with all arrows inverted and all indices 'up'. Since we shall not need this 
description later on, we only refer to ^Oj for all details. We mention an additional 
important operator, the periodicity operator S which is a map of degree 2 between cyclic 
cocycle, 

S : Z^-^ — > Zl^^ , (2.20) 

1 " 

Sip{aQ, fli, • • • , ctn+i) := 7 — — T- > '^{O'Q-, ■ ■ ■ , aj^iajaj+i, • • • , a„+i) 

nln + 1 ^-^ 

1 " 

7 — — TT (-l)*+V(«o, ■ ■ ■ ■ ■ ■ ■ ■ ■ ,a„+i) . 
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One shows that S{Z^~^) C Z^^\ In fact S{Z^~^) C the latter being the Hochschild 

coboundary; and cychcity is easy to show. 

The induced morphisms in cohomology S : ifC" HC^^^ define two directed systems 
of abehan groups. Their inductive hmits 

HP\A) := hmHC^'^iA) , HP\A) := \imHC^''+\A) , (2.21) 

form a Z2-graded group which is called the periodic cyclic cohomology HP* (A) of the 
algebra A. 

'II va sans dire': there is also a periodic cyclic homology [TUl I44j . 



2.2 Noncommutative algebras from idempotents 

Let A be an algebra (over C) and let e G Matr.(^) , = e, be an idempotent. Its even 
(reduced) Chern character is a formal sum of chains 

ch,(e) = ^chfc(e) , (2.22) 

k 

with the component chA;(e) an element oiA®A , where A = A/ CI is the quotient of A 
by the scalar multiples of the unit 1. The formula for chfc(e) is (with a normalization 
constant), 

chfc(e) = 

= Afe (^ioh ~ 2 ^*0«i^ ® ^«l«2 ® ^i2i3 ■ ■ ■ ® 6«2fc«0 (2.23) 

where 6ij is the usual Kronecker symbol and only the class ej^j^+i G ^ is used in the 
formula. The crucial property of the character ch*(e) is that it defines a cycle p iTmiiH ITHj 
in the reduced (6, 5)-bicomplex of cyclic homology described above, 

{b + B) cK{e) = , 5 chfc(e) = 6 chfc+i(e). (2.24) 

It turns out that the map e ^— ch^, (e) leads to a well defined map from the K theory group 
Ko{A) to cyclic homology of A (in fact the correct receptacle is period cyclic homology 
^^)- In Section ini below, we shall construct some interesting examples of this Chern 
character on quantum spheres. For the remaining part of this Section we shall use it to 
define some 'even' dimensional noncommutative algebras (including spheres). 

For any pair of integers m, r we shall construct a universal algebra Am,r as follows. 
We let Am,r be generated by the elements Cij, i,j G {1, . . . ,r}, e = [cij] on which we 
first impose the relations stating that e is an idempotent 

= e. (2.25) 

We impose additional relations by requiring the vanishing of all 'lower degree' components 
of the Chern character of e, 

chfc(e) = 0, Vfc<m. (2.26) 
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Then, an admissible morphism from Am,r to an arbitrary algebra B, 

p : Am,r B, (2.27) 

is given by the p(ejj) G B which fulfill p(e)^ = p(e), and 

chfc(p(e)) = 0, Wk<m. (2.28) 

We define the algebra Am,r as the quotient of the algebra defined by ()2.25j) by the in- 
tersection of kernels of the admissible morphisms p. Elements of the algebra Am,r can 
be represented as polynomials in the generators Cij and to prove that such a polynomial 
P{eij) is non zero in Amr one must construct a solution to the above equations for which 
P{eij) ^ 0. 

To get a C*-algebra we endow Am,r with the involution given by, 

(e,,)* = e,. (2.29) 

which means that e = e* in Matr.(^), i.e. e is a projection in Mat.r(^) (or equivalently, a 
self-adjoint idempotent). We define a norm by, 

||P|| = Sup ||(7r(P))|| (2.30) 

where tt ranges through all representations of the above equations on Hilbert spaces. Such 
a TT is given by a Hilbert space H and a self-adjoint idempotent, 

E e Matr{C{n)) , = E, E = E* (2.31) 

such that ()2.28|1 holds for B = C{7{). For any polynomial P{eij) the quantity ()2.3()j) . i.e. 
the supremum of the norms, ||P(£^jj)|| is finite. 

We let Am,r be the universal C*-algebra obtained as the completion of Am,r for the above 
norm. 

2.3 Noncommutative algebras from unitaries 

In the odd case, more than projections one rather needs unitary elements and the formulae 
for the odd (reduced) Chern character in cyclic homology are similar to those above. The 
Chern character of a unitary u G Matr.(^) is a formal sum of chains 

ch,(M) = ^chfc(u) , (2.32) 

k 

with the component ch^^i{u) as element oi A given by 

cViM = Afe(<®(«*):^®«:^®---®(«*):-+^ 

®<® ®---®«:rO ' (^.33) 

and Xk suitable normalization constants. Again ch.^,{u) defines a cycle in the reduced 
(6, i?)-bicomplex of cychc homology ^ HUJ HH HHj , 

{b + B) cK{u) = , B ch,_,i (e) = h ch,_,i+i(e) , (2.34) 
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and the map u i— ^ ch*('u) leads to a well defined map from the K theory group Ki{A) to 
(in fact periodic) cyclic homology. 

For any pair of integers m, r we can define Bm,r to be the universal algebra generated 
by the elements Uij, i,j G {1, . . . , r}, u = [uij] and we impose as above the relations 

chfc+ 1 (p(m)) = \/k<m. (2.35) 

To get a C*-algebra we endow Bm,r with the involution given by, 

uu* = u*u = l, (2.36) 

which means that u is a unitary in Ma.tr{A). As before, we define a norm by, 

||P|| = Sup||(7r(P))|| (2.37) 

where vr ranges through all representations of the above equations in Hilbert space. 

We let Bm,r be the universal C*-algebra obtained as the completion of Bm,r for the above 

norm. 



3 Fredholm modules and spectral triples 

As we have mentioned in Section |2l the Chern characters ch*(x) leads to well defined 
maps from the K theory groups K^,{A) to (period) cyclic homology. The dual Chern 
characters, ch*, of even and odd Fredholm modules provides similar maps to (period) 
cyclic cohomology. 

3.1 Fredholm modules and index theorems 

A Fredholm module can be thought of as an abstract elliptic operator. The full fledged 
theory started with Atiyah and culminated in the KK-theoiy of Kasparov and the cyclic 
cohomology of Connes. Here we shall only mention the few facts that we shall need later 
on. 

Let A be an algebra with involution. An odd Fredholm module jH] over A consists of 

1) a representation ip of the algebra A on an Hilbert space 7i; 

2) an operator F onTi such that 

= I , F* = F , 
[F,^(a)]e/C, yaeA, (3.1) 

where K. are the compact operators on H. 

An even Fredholm module has also a Z2-grading 7 of Ti, 7* = 7, 7^ = I, such that 

F7 + 7F = , 

ij{a)-f - -fij{a) = , \faeA. (3.2) 

In fact, often the first of conditions ()3.1|) needs to be weakened somehow to — I G /C. 
With an even module we shall indicate with Ti."^ and ip^ the component of the Hilbert 
space and of the representation with respect to the grading. 
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Given any positive integer r, one can extend the previous modules to a Fredholm 
module (Hr,Fr) over the algebra Matr(^) = A® Matr(C) by a simple procedure 

nr = n®C\ llJr=1p®id , ¥r = F^Ir , (3.3) 

and 'jr = 7 ® I-r, for an even module. 

The importance of Fredholm modules is testified by the following theorem which can 
be associated with the names of Atiyah and Kasparov 1^ I37j . 

Theorem 1 

a) Let {TC,F,'y) be an even Fredholm module over the algebra A. And let e G Matr(^) be 
a projection = e = e* . Then we have a Fredholm operator 

V^;(e)F,^+(e) : V'+(e)7^, ^ ^;(e)7^, , (3.4) 

whose index depends only on the class of the projection e in the K -theory of A. Thus we 
get an additive map 

^ : Ko{A) ^ Z , 

<^([e]) = Index (V';(e)F,V'+(e)) . (3.5) 

b) Let {TC, F) be an odd Fredholm module over the algebra A, and take the projection 
E = |(I + F). Let u G IsAaXr^A) be unitary uu* = u*u = I. Then we have a Fredholm 
operator 

Er1pr{u)Er ErHj. ^ ErHr , (3.6) 

whose index depends only on the class of the unitary u in the K -theory of A. Thus we 
get an additive map 

if : Ki{A) -> Z , 

i^{[u]) = \nde^{Er^r{u)Er) . (3.7) 

If v/l is a C*-algebra, both in the even and the odd cases, the index map (p only depends 
on the K -homology class 

[{n,F)]eKK{A,C) , (3.8) 

of the Fredholm module in the Kasparov KK group, K*{A) = KK{A,C), which is the 

abelian group of stable homotopy classes of Fredholm modules over A [TFj . 

Both in the even and odd cases, the index pairings ()3.5|) and ()3.7|) can be given as (TU] 

ifix) = {ch*{n,F),cK{x)) , X G K,{A) , (3.9) 

via the Chern characters 

ch* {n,F)e HC* (A) , ch, (x) G HC, (A) , (3.10) 

and the pairing between cyclic cohomology HC*{A) and cyclic homology ifC*(^) of the 
algebra A. 

The Chern character ch*(x) in homology is given by ()2.22|) and ()2.32|) in the even and 
odd case respectively. As for the Chern character ch*(a;) in cohomology we shall give some 
fundamentals in the next Section. 
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3.2 The Chern characters of Fredholm modules 

For the general theory we refer to ilOj. In Section IHl we shall construct some interesting 
examples of these Chern characters on quantum spheres. Additional examples have been 
constructed in [HK] . 

We recall |SE] that on a Hilbert space Ti. and with /C denoting the compact operators 
one defines, for p G [1, oo[, the Schatten p-class, C^, as the ideal of compact operators for 
which TrT is finite: = {T E IC : TrT < oo}. Then, the Holder inequality states that 
£Pi£P2 ...CP^c C", with = Y!]=i PJ^- 

Let now (7i, F) be Fredholm module (even or odd) over the algebra A. We say that 
{Ti, F) is p-summable if 

[F,^{a)]eCP, \/aeA. (3.11) 

For simplicity, in the rest of this section, we shall drop the symbol ip which indicates the 
representation on A on Ti. The idea is then to construct 'quantized differential forms' 
and integrate (via a trace) forms of degree higher enough so that they belong to C^. In 
fact, one need to introduce a conditional trace. Given an operator T on H such that 
FT + TF G one defines 

Tr'T := ^TrF(FT + TF) ; (3.12) 

note that, if T G £^ then Tr T = Tr'T by cyclicity of the trace. 

Let now n be a nonnegative integer and let {Ti, F) be Fredholm module over the 
algebra A. We take this module to be even or odd according to whether n is even or 
odd; and we shall also take it to be {n + l)-summable. We shall construct a so called 
n-dimensional cycle {Q* = (Bk^'', d, J) over the algebra A. Elements of Q'^ are quantized 
differential forms: = A and for k > 0, Q'' is the linear span of operators of the form 

LJ = ao[-F, ai] ■ ■ ■ [F, an] , aj E A . (3.13) 

By the assumption of summability. Holder inequality gives that fi'^ C . The product 
in Q* is just the product of operators uu' G Q^'^'^ for any uj E Q'' and uj' E . The 
differential d : Vl'^ fi^"*"^ is defined by 

duj = Fuj- {-ifuF , uE^t , (3.14) 

and = 1 implies both c?^ = and the fact that is a graded derivation 

d{uu:') = {duj)uj' + {-ifudu' , a; G a;' G 1]^' . (3.15) 

Finally, one defines a trace in degree n by, 

j : fi" , (3.16) 

which is both closed (/ duj = 0) and graded (/ ujuj' = {—1^^' j uj'uj). 
Let us first consider the case n is odd. With uj EVf^ one defines 

f I 1 

/ w := Tr'cj = -TrF(Fcu + cuF)) = - TiFdu , (3.17) 



12 



which is well defined since Fdoo G C^. 

If n is even and 7 is the grading, with G fi" one defines 

f 1 1 

LU := Tr'7tu = -Ti F{F-fuj + -fuF)) = -Ti-fFdu , (3.18) 

(remember that F7 = — 7-F); this is again well defined since 'yFdu G C^. One straight- 
forwardly proves closeness and graded cyclicity of both the integrals ()3.17|) and ()3.18|) . 
The character of the Fredholm module is the cyclic cocycle G Z^{A) given by, 

r»(a„.a,.....a„):=/Ma,...da„. a, e .4; (3.19) 

explicitly, 

r''(ao,ai, ■ ■ ■ ,an) = Tr'ao[-F, ai], ■ ■ ■ , [F, a„] , n odd, (3.20) 

r"(ao,ai, ■ ■ ■ ,an) = Tr'7 aol-P", oi], ■ ■ ■ , [F, a„] , n even . (3.21) 

In both cases one checks closure, 6r" = 0, and cyclicity, Ar" = (— l)"r". 

We see that there is ambiguity in the choice of the integer n. Given a Fredholm 
module (7i, F) over A, the parity of n is fixed by for its precise value there is only a 
lower bound determined by the (n + l)-summability. Indeed, since C^^ C C^^ if pi < P2, 
one could replace n hj n + 2k with k any integer. Thus one gets a sequence of cyclic 
cocycle G Z^+^''{A), k>0, with the same parity. The crucial fact is that the cyclic 

cohomology classes of these cocycles are related by the periodicity operator S in ()2.20|) . 
The characters r""'"^'^ satisfy 

SIt'^U = CmK^% , in HC^-^^iA) , m = n + 2k,k>0, (3.22) 

with Cm a constant depending on m (one could get rid of these constants by suitably 
normalizing the characters in ()3.2()j) and ()3.2Hl ). Therefore, the sequence {T"'~^'^'^}k>o 
determine a well defined class [r^] in the periodic cyclic cohomology HP^{A) or HP^{A) 
according to whether n is even or odd. The class [t^] is the Chern character of the 
Fredholm module [A, Ti, F) in periodic cyclic cohomology. 

3.3 Spectral triples and index theorems 

As already mentioned, a noncommutative geometry is described by a spectral triple ^Hj 

{A,n,D). (3.23) 

Here A is an algebra with involution, together with a representation ip of A as bounded 
operators on a Hilbert space H as bounded operators, and D is a self-adjoint operator 
with compact resolvent and such that, 

[D, ipia)] is bounded V a G ^ . (3.24) 

An even spectral triple has also a Z2-grading 7 of 7i, 7* = 7, 7^ = I, with the additional 
properties, 

D-f + -fD = , 

V'(a)7 - 7^/'(a) = , WaeA. (3.25) 



13 



Given a spectral triple there is associated a fredholm module with the operator F just 
given by the sign of D, F = D\D\~'^ (if the kernel of D in not trivial one can still adjust 
things and define such an F). 

The operator D plays in general the role of the Dirac operator [43j in ordinary Riemannian 
geometry. It specifies both the /^-homology fundamental class (cf. [lOj), as well as the 
metric on the state space of A by 

d{ip,ij) = Snp{\^{a) -^{a)\;\\[D,a]\\ <1} . (3.26) 

What holds things together in this spectral point of view on noncommutative geometry 
is the nontriviality of the pairing between the i^-theory of the algebra A and the K- 
homology class of D. There are index maps as with Fredholm modules above, 

^■.K,{A)^Z (3.27) 

and the maps ip given by expressions like ()3.5j) and ()3.7|1 with the operator D replacing 
the operator F there. 

An operator theoretic index formula JUl, QHj; {HH] expresses the above index pairing 
fl3.27|) by explicit local cyclic cocycles on the algebra A. These local formulas become 
extremely simple in the special case where only the top component of the Chern character 
ch^,(e) in cyclic homology fails to vanish. This is easy to understand in the analogous 
simpler case of ordinary manifolds since the Atiyah-Singer index formula gives the integral 
of the product of the Chern character ch.{E), of the bundle E over the manifold M, by the 
index class; if the only component of ch.{E) is ch„, n = ^ dimM only the 0-dimensional 
component of the index class is involved in the index formula. 

For instance, in the even case, provided the components chfc(e) all vanish for /c < n 
the index formula reduces to the following, 

^(e) = (-1)" / 7 (e - [D, ef- ^"'^ • (3.28) 

Here, e is a projection = e = e*, 7 is the Z/2 grading of Ti as above, the resolvent of D 
is of order (i.e. its characteristic values [ik are Q{k~2^)) and j- is the coefficient of the 
logarithmic divergency in the ordinary operator trace [2Z] 112] ■ There is a similar formula 
for the odd case. 

Example 2 The Canonical Triple over a Manifold 

The basic example of spectral triple is the canonical triple on a closed n- dimensional 
Riemannian spin manifold {M,g). A spin manifold is a manifold on which it is possible 
to construct principal bundles having the groups Spin{n) as structure groups. A manifold 
admits a spin structure if and only if its second Stiefel- Whitney class vanishes 
The canonical spectral triple {A, Ti., D) over the manifold M is as follows: 

1) ^ = C°^(M) is the algebra of complex valued smooth functions on M . 

2) Ti = L^{M,S) is the Hilbert space of square integrable sections of the irreducible, rank 
2[n/2]^ gpij^Q^ Jjundle over M ; its elements are spinor fields over M. The scalar product in 
L'^{M,S) is the usual one of the measure dfi{g) of the metric g, (V^,0) = / dfj,{g)ip{x)-(f){x) , 
with the pointwise scalar product in the spinor space being the natural one in C^'"''^' . 

3) D is the Dirac operator of the Levi-Civita connection of the metric g. It can be written 
locally as 

D = ^^{x){d, + u^^) , (3.29) 
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where is the lift of the Levi-Civita connection to the bundle of spinors. The curved 
gamma matrices {7'^ (a;)} are Hermitian and satisfy 

Y{x)Y{x) =2g{dxf',dx'') = 2g^"' , /z, z/ = 1, . . . , n . (3.30) 

The elements of the algebra A act as multiplicative operators on Ti, 

{fij){x) =: /(x)^(x) , W feA,ijen. (3.31) 

For this triple, the distance in ()3.26p is the geodesic distance on the manifold M of the 
metric g. 

An additional important ingredient is provided by a real structure. In the context 
of the canonical triple, this is given by J, the charge conjugation operator, which is an 
antilinear isometry of Ti. We refer to [T^ for all details; a friendly introduction is in [3^] . 

4 Examples of Isospectral Deformations 

We shall now construct some examples of (a priori noncommutative) spaces Gr^^^ such 
that 

according to even or odd dimensions, with the C*-algebras Am,r and Bm,r defined at the 
end of Section 1221 and Section EISl and associated with the vanishing of the 'lower degree' 
components of the Chern character of an idempotent and of a unitary respectively. 

4.1 Spheres in dimension 2 

The simplest case is m = 1, r = 2. We have then 

e = 

Ve21 622 

and the condition ()2.28|) just means that 

en + 622 = 1 (4.3) 

while ()2.25p means that 

ell + ei2 621 = 611 , en 612 + 612 622 = 612 , (4.4) 
621 6n + 622 621 = 621 , 621 612 + 622 = 622 • 

By ()4.3|1 we get en — ef^ = 622 — 632, so that ()4.4|1 shows that ei2 621 = 621 612. We also see 
that ei2 and 621 both commute with en. This shows that Ai^2 is commutative and allows 
to check that Gri 2 = 5"^ is the 2-sphere. Thus Gri 2 is an ordinary commutative space. 
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4.2 Spheres in dimension 4 

Next, we move on to the case m = 2, r = 4. 

Note first that the notion of admissible morphism is a non trivial piece of structure 
on Gr2,4 since, for instance, the identity map is not admissible [TK] . 

Commutative solutions were found in ^3] with the commutative algebra A = C{S'^) 
and an admissible surjection ^2,4 C(S'^), where the sphere S"^ appears naturally as 
quaternionic projective space, 5*^ = Pi{M.). 

In we found noncommutative solutions, showing that the algebra ^2,4 is noncom- 
mutative, and we constructed explicit admissible surjections, 

^2,4 C{S's) (4.5) 

where Sg is the noncommutative 4-sphere we are about to describe and whose form is 
dictated by natural deformations of the ordinary 4-sphere, similar in spirit to the standard 
deformation of the torus to the noncommutative torus Tg. In fact, as will become 
evident later on, noncommutative tori in arbitrary dimensions play a central role in the 
deformations. 

We first determine the algebra generated by the usual matrices Mat4(C) and a projection 
e = e* = such that cho(e) = as above and whose matrix expression is of the form. 
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where each qij is a 2 x 2 matrix of the form, 

«=(-AVa-)- <^'') 

and A = exp(27ri^) is a complex number of modulus one (different from —1 for conve- 
nience). Since e = e*, both qu and ^22 are self-adjoint, moreover since cho(e) = 0, we can 
find z = z* such that, 

fl+z \ fl-z \ 

We let gi2 = ( _"^* ^* ) , we then get from e = e*. 

We thus see that the commutant Ae of Mat4(C) is generated by z, a, jd and we first need 
to find the relations imposed by the equality = e. In terms of the matrix 



1 A + z q 

2 V g* I- z 



(4.10) 



the equation = e means that z^ + qq* = 1,2;^ + q*q = 1 and [z, q] = 0. This shows that 
z commutes with a, f3, a* and (3* and since qq* = q*q is a diagonal matrix 

aa* = a*a , ap = X(3a , a* (3 = \(3a* , (3(3* = (3* (3 (4.11) 
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so that the generated algebra Ae is not commutative for A different from 1. The only 
further relation, besides z = z*, is a sphere relation 

aa* + (3(3* + z'^ = 1. (4.12) 

We denote by Sg the corresponding noncommutative space defined by 'duality', so that 
its algebra of polynomial functions is A{Sg) = Ag. This algebra is a deformation of the 
commutative *-algebra ^(5*^) of complex polynomial functions on the usual sphere 5*^ to 
which it reduces for 6 = 0. 

The projection e given in ()4.10|) is clearly an element in the matrix algebra Mat4(^6i) ~ 
Mat4(C) (8) Aq. Then, it naturally acts on the free ^^-module Ag ^ Ag and one gets 
as its range a finite projective module which can be thought of as the module of 'section 
of a vector bundle' over Sg. The module eAg is a deformation of the usual [Sj complex 
rank 2 instanton bundle over to which it reduces for ^ = ^0] . 

For the sphere Sg the deformed instanton has correct characteristic classes. The 
fact that cho(e) has been imposed from the very beginning and could be interpreted as 
stating the fact that the projection and the corresponding module (the 'vector bundle') 
has complex rank equal to 2. Next, we shall check that the two dimensional component 
chi(e) of the Chern character, automatically vanishes as an element of the (reduced) 
(6, i?)-bicomplex. 
Withg= weget, 

chi(e) = — 7/ -2 {dqdq* — dq* dq) + q [dq* dz — dzdq*) + q* {dzdq — dqdz) 
2^ \ 

where the expectation in the right hand side is relative to Mat2(C) (it is a partial trace) 
and we use the notation d instead of the tensor notation. The diagonal elements of 
uj = dq dq* are 

ojii = da da* + d(3 d(3* , UJ22 = d(3* d(3 + da* da 
while for uo' = dq* dq we get , 

uj[-^ = da* da + d(3 d(3* , UJ22 = d(3* d(3 + da da* . 

It follows that, since z is diagonal, 

z{dqdq* -dq*dq)J=0. (4.13) 

The diagonal elements of q dq* dz = p are 

Pii = a da* dz + (3 d(3* dz , P22 = (3* d(3 dz + a* da dz 
while for p' = q* dq dz they are 

p'li = a* da dz + (3 d(3* dz , P22 = (3* d(3 dz + a da* dz . 
Similarly for a = qdzdq* and a' = q* dzdq one gets the required cancellations so that, 

chi(e) = 0, (4.14) 
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Summing up we thus get that the element e G C°°{Sq, Mat4(C)) given in ()4.10p is a self- 
adjoint idempotent, e = = e*, and satisfies chfc(e) = VA; < 2. Moreover, Gr2,4 is a 
noncommutative space and Sg C Gr2,4. 

Since chi(e) = 0, it follows that ch2(e) is a Hochschild cycle which will play the role of 
the round volume form on Sg and that we shall now compute. With the above notations 
one has, 

cMe)^l((;. (4.15) 

The direct computation gives the Hochschild cycle ch2(e) as a sum of five components 

ch2(e) = z Cz + a Ca + a* Ca* + (3 Cf3 + (3* cp* ; (4.16) 

where the components , Cq, , Ca* , C/3 , C/3* , which are elements in the four-fold tensor pro- 
duct Ae <S) Ae <S) Ae ® Ae, are explicitly given in [T2j . The vanishing of b ch2 (e) , which has 
six hundred terms, can be checked directly from the commutation relations ()4.11|) . The 
cycle ch2(e) is totally 'A-antisymmetric'. 

Our sphere 5*^ is by construction the suspension of the noncommutative 3-sphere Sg 
whose coordinate algebra is generated by a and P as above and say the special value 
z = 0. This 3-sphere is part of a family of spheres that we shall describe in the next 
Section. 

Had we taken the deformation parameter to be real, A = g G M, the corresponding 
3-sphere would coincide with the quantum group SU{2)q. Similarly, had we taken the 
deformation parameter in Sq to be real like in |23] we would have obtained a different 
deformation of the commutative sphere 5^, whose algebra is different from the above 
one. More important, the component chi(e) of the Chern character would not vanish |23j . 

4.3 Spheres in dimension 3 

Odd dimensional spaces, in particular spheres, are constructed out of unitaries rather 
than projections pT f ITK | IT!)j. 

Let us consider the lowest dimensional case for which m = 2, r = 2. We shall use the 
convention that repeated indices are summed on. Greek indices like /i, z/, ■ ■ ■ , are taken to 
be valued in {0, 1, 2, 3} while latin indices like j,k, ■ ■ ■ , are taken to be valued in {1, 2, 3}. 

We are then looking for an algebra B such that 

1) ;B is generated as a unital *-algebra by the entries of a unitary matrix 

u G Mat2(i3) ~ Mat2(C) O B, uu* = u*u = 1, (4.17) 

2) the unitary u satisfies the additional condition 

chi (m) := ^2^1 ® i^ll - ®ul = . (4.18) 

Let us take as 'generators' of B elements z'^,z^*, n G {0,1,2,3}. Then using ordinary 
Pauli matrices 0"^, k G {1, 2, 3}, an element in m G Mat2(i3) can be written as 

u = l2Z^ + akZ^. (4.19) 
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The requirement that u be unitaries give the following conditions on the generators 

^0*^k _ ^k*^0 ^ eMmZ^*z"' = , 
3 

^(^^2^* - = , (4.20) 

Ai=0 

together with the condition that 

3 

^z^*z'^ = l. (4.21) 

fj.=0 

Notice that the 'sphere' relation 1)4.211) is consistent with the relations ()4.20|) since the 
latter imply that Y2li=o^^*^'^ center of B. 

Then, one imposes condition ()4.18)1 which reads 

3 

(^z^-z^(^ z^*) = , (4.22) 

^l=o 

and which is satisfied QHj if and only if there exists a symmetric unitary matrix 
A G Mat4(C) such that 

zf"* = A'^z'' . (4.23) 

Now, there is some freedom in the definition of the algebra B which is stated by the fact 
that the defining conditions 1.) and 2.) above do not change if we transform 

z^ ^ pSl^z" , (4.24) 

with p G U(l) and S G S0(4). Under this transformation, the matrix A in ()4.23j) 
transforms as 

A ^ p^S'AS . (4.25) 

One can then diagonalize the symmetric unitary A by a real rotation S and fix its first 
eigenvalue to be 1 by an appropriate choice of p G U(l). So, we can take 

A = diag(l,e-^'^^e-^'^^e-^'^^) , (4.26) 

that is, we can put 



= x\ z-^ = e^'^^x^ k G {1, 2, 3} , (4.27) 



^0 .0 
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with 6"^'^'= G U(l) and (a;^)* = x''. Conditions p3n|) translate to 

cosv^fc = i [x\x"^]+sm{ipi - ipm) , 
x'']+ sin (pk = i [x\ cos{(pi - (pm) , (4.28) 

with {k,l,m) the cyclic permutation of (1,2,3) starting with k = 1,2,3 and [x, = 
xy — yx. There is also the sphere relation ()4.2H) . 

3 

^(x^*)' = 1 . (4.29) 

fi=0 
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We have therefore a three parameters family of algebras which are labelled by an 
element (f = (e~*'^i, e"*'''^, e"**^^) G T^. The algebras i3<^ are deformations of the algebra 
A{S^) of polynomial functions on an ordinary 3-sphere which is obtained for the 
special value (p = (1,1,1). We denote by 5*^ the corresponding noncommutative space, 
so that ^4(5*^) = B^. Next, one computes ch.3{utp)) and shows that is a non trivial cycle 
(&ch3(M<^)) = 0) on [15J. 

A special value of the parameter cp gives the 3-sphere Sg described at the end of 
previous Section. Indeed, put ipi = = —nO and v^s = and define 

a = X + IX , a = X — IX , 

p = x^+ix\ p* = x^-ix^. (4.30) 

then a, a*, P, /?* satisfies conditions (HHH), with A = exp(27r i 9), together with the relation 
aa* + (3 [3* = 1, thus defining the sphere Sq of Section 

In Section 1321 we shall describe some higher dimensional examples. 

4.4 The noncommutative geometry of Sq 

Next we will analyze the metric structure, via a Dirac operator D, on our noncommutative 
4-spheres Sg. The operator D will give a solution to the following quartic equation, 

((e-0[Ae]^^=7 (4.31) 

where ( ) is the projection on the commutant of 4 x 4 C-matrices (in fact, it is a partial 
trace on the matrix entries) and 7 = 75, in the present four dimensional case, is the 
grading operator. 

Let C°°(S'g) be the algebra of smooth functions on the noncommutative sphere Sg. 
We shall construct a spectral triple {C°°{Sg),T-C, D) which describes the geometry on Sq 
corresponding to the round metric. 

In order to do that we first need to find good coordinates on 5*1 in terms of which the 
operator D will be easily expressed. We choose to parametrize a, (3 and z as follows, 

a = u cos (p cos ip , P = V sm{p cos ip , z = sinip . (4.32) 

Here and are ordinary angles with domain < ip < ^ , — f<'?/'<f, while u and 
V are the usual unitary generators of the algebra C°°(Tg) of smooth functions on the 
noncommutative 2-torus. Thus the presentation of their relations is 

uv = \vu , uu* = u*u = 1 , vv* = v*v = 1 . (4.33) 

One checks that a,f],z given by (2) satisfy the basic presentation of the generators of 
C°°{Sg) which thus appears as a suhalgehra of the algebra generated (and then closed 
under smooth calculus) by e*"^, e*'^, u and v. 
For ^ = the round metric is given as, 

G = da da + dp dp + dz^ (4.34) 

and in terms of the coordinates, ip, ip, u, v one gets, 

G = cos^ (p cos^ ip dudu + sin^ (p cos^ dv dv + cos^ ip d^p^ + dip"^ . (4.35) 
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Its volume form is given by 

uj = - sin (y9 cos(y9 [co^ilifudu /\vdv/\dLp/\dil). (4.36) 

In terms of these rectangular coordinates we get the following simple expression for the 
Dirac operator, 

_ d _ d 

D = (cos if cos ip)~'^ u — 'ji + (sirup cos tp)~^ V — '^2 + (4.37) 

ou ov 

i , d 1 1 , . , d 3 

cosip dip 2 2 dip 2 

Here 7^ are the usual Dirac 4x4 matrices with 

{7^,74 = 25^,, 7; = 7/.- (4.38) 

It is now easy to move on to the noncommutative case, the only tricky point is that 
there are nontrivial boundary conditions for the operator D, which are in particular 
antiperiodic in the arguments of both u and v. We shall just leave them unchanged in the 
noncommutative case, the only thing which changes is the algebra and the way it acts in 
the Hilbert space as we shall explain in more detail in the next section. The formula for 
the operator D is now, 

D = (cos cos?/')"^ (5i 7i + (siny? cos?/')"^ (^2 72 + (4.39) 

i , 9 1 1 , . . d 3 

+ 7 U- + T^cotgy?- -tgy? 73+ 1 777 - T^tgV' 74- 

cosip dip 2 2 dip 2 

where the 7^ are the usual Dirac matrices and where 5i and 82 are the derivations of the 
noncommutative torus so that 

5^(u) = u, 5i(i;) = 0, (4.40) 
5^{u) = 0, 52{v) = v; 

One can then check that the corresponding metric is the round one. 

In order to compute the operator ((e — |) [D, e]"^) (in the tensor product by Mat4(C)) 
we need the commutators of D with the generators of C°°{Sg). They are given by the 
following simple expressions, 

[D,a] = u {71 — i sin 73 — i cos sin t/^ 74 } , (4-41) 
[D, a*] = —u* {71 + i sin 73 + i cos (psinip •y^} , 
[D,(3] = {72 + i cos 73 - i sin sin -0 74 } , 
[D, (3*] = -V* {72 - i cos 73 + i sin sin -0 74 } , 
[D, z] = i cos -0 74 . 

We check in particular that they are all bounded operators and hence that for any / G 
C°°{Sg) the commutator [D, f] is bounded. Then, a long but straightforward calculation 
shows that equation 1)4.311) is valid: the operator ((e — |) [0,6]^) is a multiple of 7 = 
75 := 71727374- One first checks that it is equal to 7r(ch2(e)) where ch2(e) is the Hochschild 
cycle in f|4.16|) and vr is the canonical map from the Hochschild chains to operators given 
by 

7r(ao ® oi ® ... ® a„) = ao[D, ai]...[D, aj . (4.42) 
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4.5 Isospectral noncommutative geometries 

We shall describe fully a noncommutative geometry for Sg with the couple (H, D) just 
the 'commutative' ones associated with the commutative sphere hence realizing an 
isospectral deformation. We shall in fact describe a very general construction of isospectral 
deformations of noncommutative geometries which implies in particular that any compact 
spin Riemannian manifold M whose isometry group has rank > 2 admits a natural one- 
parameter isospectral deformation to noncommutative geometries Mg. The deformation 
of the algebra will be performed along the lines of [S2j (see also jHOj and jSTj). 

Let us start with the canonical spectral triple {A = C°°{S^),TC, D) associated with 
the sphere S^. We recall that H = L'^{S^,S) is the Hilbert space of spinors and D is 
the Dirac operator. Also, there is a real structure provided by J, the charge conjugation 
operator, which is an antilinear isometry of Ti. 

Recall that on the sphere S*^ there is an isometric action of the 2-torus, C Isom(S'^) 
with T = M/27rZ the usual torus. We let U{s), s G T^, be the corresponding (projective) 
unitary representation in 7i = L'^{S^,S) so that by construction 

U{s)D = DU{s) , U{s) J = JU{s) . (4.43) 

Also, 

U{s)aU{s)-^ = asia), yaeA, (4.44) 

where G Aut(^) is the action by isometrics on functions on S^. 

We let p = (pi,P2) be the generator of the two-parameter group U{s) so that 

U{s) = exp{27ii{sipi + S2P2)) ■ (4.45) 

The operators pi and p2 commute with D but anticommute with J (due to the antilinearity 
of the latter). Both pi and p2 have half- integral spectrum, 

Spec(2pj) C Z, j = 1,2. (4.46) 

Next, we define a bigrading of the algebra of bounded operators in Ti with the operator 
T declared to be of bidegree (ni, 77-2) when, 

a,(T) :=f/(s)Tf/(s)-^ =exp(27ri(sini + S2n2))T, Vs G (4.47) 

Any operator T of class C°° relative to as (i. e. such that the map s — > as{T) is of class 
C°° for the norm topology) can be uniquely written as a doubly infinite norm convergent 
sum of homogeneous elements, 

ni,n2 

with T„j_„2 of bidegree (ni, 722) and where the sequence of norms | |T„i,n2 1 1 is of rapid decay 
in (ni,n2). 

Let now A = exp(27ri^). For any operator T in of class relative to the action 
of we define its left twist 1{T) by 

1{T) = J2 Tn.,n, y'^' , (4.49) 

711,712 
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and its right twist r(T) by 

r(T)= ^ A"^^^f„„.,, (4.50) 

Since |A| = 1 and pi, p2 are self-adjoint, both series converge in norm. The construction 
involves in the case of half-integral spin the choice of a square root of A. 
One has the following, 

Lemma 1 

a) Let X be a homogeneous operator of bidegree [ui, 77-2) and y be a homogeneous operator 
of bidegree (^,722). Define 

x*y = xy ; (4.51) 

then l{x)l{y) = l{x * y). 

b) Let X and y be homogeneous operators as before. Then, 

l{x) r{y) - r{y) l{x) = {xy -yx) A"i("2+n^)An2pi+n'iP2 _ (4 52) 

In particular, [l{x),r{y)] = if [x,y] = 0. 

To check a) and b) one simply uses the following commutation rule which follows from 
fl4.47|l and it is fulfilled for any homogeneous operator T of bidegree (m, n) , 

^ap^+bp, J. ^ ^am+bn J. ^ap^+bp2 ^ Vo, 6 G Z . (4.53) 

The product * defined in equation ()4.5H) extends by linearity to an associative *-product 
on the linear space of smooth operators. 

One could also define a deformed 'right product'. If x is homogeneous of bidegree (ni, 212) 
and y is homogeneous of bidegree {n[,n2) the product is defined by 

x*,.y = A^"'i"2 xy . (4.54) 

Then, as with the previous lemma one shows that r{x)r{y) = r{x *r y). 

By Lemmata) one has that 1{C°^{S'^)) is still an algebra and we shall identify it with 
(the image on the Hilbert space Ti of) the algebra C°^(S'g) of smooth functions on the 
deformed sphere Sq ). 

We can then define a new spectral triple (/(C°°(S'^)) ^ C°°{Sg),H,D) where both the 
Hilbert space 7i and the operator D are unchanged while the algebra C°°(S'^) is modified 
to /(C°°(5^)) ~ C^iSl). Since D is of bidegree (0, 0) one has that 

[D,l{a)]=l{[D,a]) (4.55) 

which is enough to check that [D,x] is bounded for any x G 1{A). 

Next, we also deform the real structure by twisting the charge conjugation isometry 
J by 

J = JX-P^P^. (4.56) 
Due to the antilinearity of J one has that J = Xp^p^ J and hence 

J^ = J\ (4.57) 
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Lemma 2 

For X homogeneous of bidegree {ni,n2) one has that 

Jl{x)J-^=r{JxJ-^). (4.58) 
For the proof one needs to check that Jl{x) = r{J x J- One has 

^~PlP2 rf, — 2; j\"(Pl+"l)(P2+n2) _ 2;J\~"1"2 ^-{pin2+n\p2) ^-piP2 gg"^ 

Then 

Jl{x) = J X-P'P^ X X^'^P' = Jx A-"i"^ X-""'"^ X-P'P\ (4.60) 

while 

r{J X J-^) J = X-'^'f^ J X J-^ J X'P'P'' = J X X''''^P^+''-'^ X-P''f\ (4.61) 
Thus one gets the required equahty of Lemma |21 

For x,y E 1{A) one checks that 

[x,y']=0, y' = Jy*J-'. (4.62) 

Indeed, one can assume that x and y are homogeneous and use Lemma |21 together with 
Lemmata). Combining equation ()4.62j) with equation ()4.55|) one then checks the order 
one condition 

[[D, x],y°] = 0, yx,yel{A). (4.63) 
Summing up, we have the following 

Theorem 2 

a) The spectral triple {C°°{Sg),T-C, D) fulfills all axioms of noncommutative manifolds. 

b) Let e G C°°{Sg, Mat^lC)) be the canonical idempotent given in ^.lUj) . The Dirac 
operator D fulfills 

where ( ) is the projection on the commutant o/Mat4(C) (i.e. a partial trace) and 7 is 
the grading operator. 

Moreover, the real structure is given by the twisted involution J defined in fl4.56|l . One 
checks using the results of |53j; and [12] that Poincare duality continues to hold for the 
deformed spectral triple. 

Theorem |21 can be extended to all metrics on the sphere S"^ which are invariant under 
rotation of u and v and have the same volume form as the round metric. In fact, by par- 
alleling the construction for the sphere described above, one can extend it quite generally 

m- 

Theorem 3 

Let M be a compact spin Riemannian manifold whose isometry group has rank > 2 (so 
that one has an inclusion C Isom(M) ). Then M admits a natural one-parameter 
isospectral deformation to noncommutative (spin) geometries Mg. 
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Let {A, Ti, D) be the canonical spectral triple associated with a compact Riemannian spin 
manifold M as described in Ex. |21 Here A = C°°(M) is the algebra of smooth functions 
on M; 7i = L'^{M, S) is the Hilbert space of spinors and D is the Dirac operator. Finally, 
there is the charge conjugation operator J, an antilinear isometry of 7i which gives the 
real structure. 

The deformed spectral triple is given by {l{A),T-l, D) with Ti. = L'^{M,S) the Hilbert 
space of spinors, D the Dirac operator and 1{A) is really the algebra of smooth functions 
on M with product deformed to a *-product defined in a way exactly similar to 1)4.511) . 
The real structure is given by the twisted involution J defined as in ()4.56)1 . And again, by 
the results of (SB] and ^21, Poincare duality continues to hold for the deformed spectral 
triple. 

4.6 Noncommutative spherical manifolds 

As we have seen, on the described deformations one changes the algebra and the way 
it acts on the Hilbert space while keeping the latter and the Dirac operator unchanged, 
thus getting isospectral deformations. From the decomposition ()4.47|) and the deformed 
product ()4.5H) one sees that a central role is played by tori and their noncommutative gen- 
eralizations. We are now going to describe in more details this use of the noncommutative 
tori. 

Let 6 = {9jk = —Okj) be a real antisymmetric n x n matrix. The noncommutative 
torus Tg of 'dimension' n and twist 6 is the 'quantum space' whose algebra of polyno- 
mial functions A{Tg) is generated by n independent unitaries Ui, . . . ,Un, subject to the 
commutation relations [HI 

UjUk = e^'^'^^'^UkUj. (4.64) 

The corresponding C*-algebra of continuous functions is the universal C*-algebra C{Tq) 
with the same generators and relations. There is an action r of T" on this C*-algebra. If 
a = (ai, . . . , a„) G T'^, this action is given by 

The smooth subalgebra C°°{Tg) of C{Tq) under this action consists of rapidly convergent 
Fourier series of the form XlreZ" (^rU^\ with G C, where 

The unitary elements {u^ : r G Z"} form a Weyl system [33j, since 

The phase factors 

P8{r,s) := exp{7!-irj9jkSk} (4.65) 

form a 2-cocycle for the group Z", which is skew (i.e., pg{r,r) = 1) since 6 is skew- 
symmetric. This also means that C{Tg) may be defined as the twisted group C*-algebra 
C(Z-,p,). 

Let now M be a compact manifold (with no boundary) carrying a smooth action a of 
a torus T" of dimension n > 2. By averaging the translates of a given Riemannian metric 
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on M over this torus, we may assume that M has a T"-invariant metric g, so that T" acts 
by isometrics. 

The general ^-deformation of M can be accomphshed in two equivalent ways. The 
general ^-deformation of M can be accomplished in two equivalent ways. Firstly, in 
the deformation is given by a star product of ordinary functions along the lines of 
(see also jnOI)- Indeed, the algebra C°°(M) may be decomposed into spectral subspaces 
which are indexed by the dual group Z" = T". Now, each r G Z"- labels a character 
^2ma q£ qp"^ with the scalar product r ■ a := riai + ■ ■ ■ + r„a„. The r-th spectral 

subspace for the action a of T" on C°°(M) consists of those smooth functions fr for which 

a[e )tr = e fr, 

and each / G C°°(M) is the sum of a unique (rapidly convergent) series / = XlreZ" fr- 

The ^-deformation of C°°{M) may be defined by replacing the ordinary product by a 
Moyal product, defined on spectral subspaces by 

fr -*^e9s-= Peir, s) frQs, (4.66) 

with pQ{r,s) the phase factor in ()4.65|) . Thus the deformed product is also taken to 
respects the Z"-grading of functions. 

In particular, when M = T" with the obvious translation action, the algebras (C°°(T"), t^tq) 
and C°°{Tg) are isomorphic. 

In the general case, we write C°°{M0) := {C°°{M),'kg). Thus, at the level of smooth 
algebras the deformation is given explicitly by the star product of ordinary smooth func- 
tions. It is shown in [52i that there is a natural completion of the algebra C°°(Me) to a 
C*-algebra C{Mo) whose smooth subalgebra (under the extended action of T") is precisely 
the algebra C^{Me). 

An equivalent approach ^^1, is to define C{Mg) as the fixed-point C*-subalgebra of 
C(M) ® C(T^) under the action a x r'^ of T'^ defined by 

e^"*" ■ (/ ® a) := ^(e^-*") / ® r(e-2™) a; 

that is, 

C{Me) := {C{M)(»C{T];)y 
The smooth subalgebra is then given by 

C^(Me) := (C°°(M)gC°°(T^))"''""\ (4.67) 

with ® denoting the appropriate (projective) tensor product of Frechet algebras. This 
approach has the advantage that C°°{Mg) may be determined by generators and relations 
with the algebra structure specified by the basic commutation relations ()4.64p (15j . 

4.7 The ^-deformed planes and spheres in any dimensions 

We shall briefly describe these classes of spaces while referring to 13] for more details. 

Let 6 = {9jk = —dkj) be a real antisymmetric nxn matrix. And denote A-''^ = e^'^^^-'*; 
then we have that A''-' = (A-'^)"^ and X^^ = 1. 
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Let ^(Mg") be the complex unital *-algebra generated by 2n elements {z^ ^ z'^*, j, k = 
1, . . . ,n) with relations 

zh'' = W^z^z^ , = \^^z^*z^\ z^*z^ = X''^z''*z^* , (4.68) 

with j, k = 1, . . . ,n. The *-algebra ^(Mg") can be thought of as the algebra of complex 
polynomials on the noncommutative 2r;,-plane M^" since it is a deformation of the com- 
mutative *-algebra ^(M^") of complex polynomial functions on M^" to which it reduces 
for ^ = 0. From relations ()4.fi8j) . it follows that the elements z^*z^ = z^z^* , j = 1, . . . ,n, 
are in the center of ^(Mg"). Since '^2^=1^''^''* central as well, it makes sense to de- 
fine A{Sg"'~^) to be the quotient of the *-algebra ^(Mg") by the ideal generated by 
Sj=i^"'^"'* ^ 1- The *-algebra A{Sg'^~^) can be thought of as the algebra of complex 
polynomials on the noncommutative (2n — l)-sphere Sg^~^ since it is a deformation of 
the commutative *-algebra A{S'^"'~^) of complex polynomial functions on the usual sphere 

Next, one defines ^(M^"^^) to be the complex unital *-algebra generated by 2n + 1 
elements made of {z^ , z^*,j = 1, . . . ,n) and of an addition hermitian element x = x* with 
relations like ()4.68p and in addition 

z^x = xz^ , j = 1, . . . ,n . (4.69) 

The *-algebra ^(M^"^^) is the algebra of complex polynomials on the noncommutative 
(2n + l)-plane 

By the very definition, the elements z^*z^ = z^z^* , j = 1, . . . ,n, and x are in the center 
of ^(Mg"+^) and so is the element X;j=i z^* + x^- Then one defines ^(5^") to be the 
quotient of the *-algebra AiJS.l^'^^) by the ideal generated by J2^=i z^z^* +x'^ — \. The *- 
algebra ^(5*^") is the algebra of complex polynomials on the noncommutative 2n-sphere 
Sf^ and is a deformation of the commutative *-algebra A{S'^'^) of complex polynomial 
functions on a usual sphere 5*^". By construction the sphere 5*^" is a suspension of the 
sphere 5f 

Next, let Cliff (Mg") be the unital associative *-algebra over C generated by 2n elements 
-pj^ -pfc* ^ j = . . . ^n, with relations 

ripfc + A'^-^r'^P = , 

-pj*-pfc* _|_ _ g 

pr^* + A^'^r'^F* = , (4.70) 

where I is the unit of the algebra and 6^'' is the usual flat metric. For 6 = one gets the 
usual Clifford algebra Clifr(M2" of M^". The element 7 G Clifr(Mf ) defined by 

7 = [r^*,r^] ■ ... ■ [r"*,r"] (4.71) 

is hermitian, 7 = 7*, satisfies 

72 = + r^7 = , 7r^* + r^'*7 = o , (4.72) 

and determines a Z2-grading of Cliff (Mg"), A i-^ 7A7. In fact, one shows 15J that 
Cliff (Mg") is isomorphic to the usual Clifford algebra Cliff (M^" as a *-algebra and as a Z2- 
graded algebra. Furthermore, there is a representation of Cliff (Mg") for which 7 = (J i) 
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and P G Mat2n(C) of the form 



with and cr-'* in Mat2n-i(C). 
Theorem 4 

a) There is a canonical projection e G Mat2n(.4.(5'f")) given by 



e = - I 1+ > +7x) I , (4.74) 

where {z^,z^*,x) are the generators of A{Sq'^). Moreover, one has that 

chfc(e) = 0, 0<A;<n-l. (4.75) 
a) There is a canonical unitary u G Mat2n-i (^(5*1""^)) given by 

n 

u = J2{a^z' + a^z^*) , (4.76) 
i+i 

where {z\z^*) are the generators of A{Sl'^^^). Moreover, one has that 

ch;t+i(e)=0, {)<k<n-l. (4.77) 
For a proof we refer to [15 . 

The projection e in ()4.74|1 and the unitary u in ()4.7fij) provide noncommutative solutions, 
via constraints ()4.75j) and ()4.77|1 . for the algebras Am,r = C{Girn,r) and Brn,r = C(Grm,r) 
defined in M.lj) . Thus, there are admissible surjections 

A2n,2" C^Sg"^) , -B2n-l,2"-i ^ (7(5*^"""^) (4.78) 

The projection ()4.74|) generalizes to higher dimensions the projection constructed in ()4.10j) 
for the four dimensional sphere Sg. 



4.8 Gauge theories 

From Theorem El we know that the deformed spheres, and in particular the even ones, 
Sg"", can be endowed with the structure of a noncommutative spin manifold, via a spectral 
triple (C°°(5^"),7^,D), which is isospectral since both the Hilbert space Ti. = LF'{S'^^,S) 
and the Dirac operator D are the usual one on the commutative sphere 5*^" whereas only 
the algebra and its representation on Ti are changed. In particular one could take the 
Dirac operator of the usual 'round' metric. Then out of this one can define a suitable 
Hodge operator *h on Sf^. It turns out that the canonical projection ()4.74|1 satisfies 
self-duality equations 

*^e(de)" = i"e(rfe)". (4.79) 

These equations were somehow 'in the air'. For the four dimensional case I mentioned 
them during a talk in Ancona in February 2001 [H]. For the general case they were 
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derived in and also in pp. Their 'commutative' counterparts were proposed in [^ 1^ 
together with a description of gauge theories in terms of projectors. 

In particular on the four dimensional sphere Sg, one can develop Yang-Mills theory, 
since there are all the required structures, namely the algebra, the calculus (by means of 
the Dirac operator) and the "vector bundle" e. 
The Yang-Mills action is given by, 

FM(V) = j^e^ds^ , (4.80) 

where 6 = is the curvature, and ds = D^^. This action has a strictly positive lower 
bound PO] given by a topological invariant which is just the index ()H.28j) . 

cpie)= -f^ie-^)[D,e]Us' . (4.81) 

For the canonical projection ()4.10|) . owing to ()4.31|) . this topological invariant turns out 
to be just 1, 

ip{e) = 1 . (4.82) 

An important problem, which is still open, is the construction and the classification of 
Yang-Mills connections in the noncommutative situation along the line of the ADHM 
construction For the noncommutative torus this was done in ^H] and for a noncom- 
mutative in [i8]. 



5 Euclidean and Unitary Quantum Spheres 

The contents of this Section is essentially a subset of the paper |34j by Eli Hawkins and 
myself. 

The quantum Euclidean spheres in any dimensions, S^~^, are (quantum) homogeneous 
spaces of quantum orthogonal groups, SOg(A^) [10]. The natural coaction of SOg{N) on 

<5: A(Rf)^A(SO,(Ar))®A(Rf), (5.1) 

preserves the 'radius of the sphere' and yields a coaction of the quantum group SOg(A^) 
on S^-\ 

Similarly, 'odd dimensional' quantum spheres 5*^""^ can be constructed as noncommuta- 
tive homogeneous spaces of quantum unitary groups SUq(n) jSlI (see also ^3)- Then, 
analogously to ()5.1|) . there is also a coaction of the quantum group SUg(n) on S"^""^ 

6 : A(5f -1) ^ A(SU,(n)) ® A(5j"-i). (5.2) 

In fact, it was realized in [33] that odd quantum Euclidean spheres are the same as 
unitary ones. This fact extends the classical result that odd dimensional spheres are 
simultaneously homogeneous spaces of orthogonal and of unitary groups. 

The *-algebra A{S^~^) of polynomial functions on each of the spheres S^~^ is given 
by generators and relations which were expressed in terms of a self-adjoint, unipotent 
matrix (a matrix of functions whose square is the identity) which is defined recursively. 
Instead in [12] the algebra was described by means of a suitable self-adjoint idempotent (a 
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matrix of functions whose square is itself). Let us then describe the algebra A{S^~^). It 
is generated by elements {xq = Xq*, Xi, x*, i = 1, . . . ,n} for N = 2n + l while for N = 2n 
there is no Xq. These generators obey the following commutation relations, 

XiXi = qXjXi, < i < j < n, 
* _ I . " . (5.3a) 
x^Xj qXjX^ , ^ J; 

[xi,x*] = (1 - g~^)si_i, (5.3b) 

with the understanding that Xq = if N = 2n, so that in this case the generator xi is 
normal, 

xixl = xlxi in A(5j"-^). (5.4) 
The 'partial radii' Si E ^(5^"), are given recursively by 



Si . ~1~ X^ Xi Q ~t~ XiXj^ , 

So •= ^0' 

and the last one s„ which can be shown to be central, is normalized to 



(5.5) 



Sn = 1 (5.6) 

We see that the equality of the two formute for the elements Sj in ()5.5|1 is equivalent to 
the commutation relation ()5.3b|) . These Si are self-adjoint and related as 

< So < • ■ ■ < < s„ = 1. (5.7) 

From the commutation relations ()5.3aj) it follows for i < j that the 
other hand By induction, we deduce that 

_ [q^XjSi -.iKj ^ _ \q~'^x*Si : i < j 

SiXj < • ^ ■ SiXj S a= • ^ ■ 

[ XjSi : ^ > J, XjSi : i > J 

and that the Sj's are mutually commuting. They can be used to construct representations 
of the algebra as we shall show later on. 



As we have mentioned, in [42] it was shown that the defining relations of the algebra 
A{S^~^) are equivalent to the condition that a certain matrix over A{S^~^) be idem- 
potent. In it was proven that this is also equivalent to the condition that another 
matrix be unipotent, as we shall explain presently. First consider the even spheres 5*1" for 
any integer n > 0. The algebra A(S'^") is generated by elements {xq, Xi, x*,i = 1, . . . , n}. 
Let us first consider the free unital *-algebra F := C(l, xq, Xi, x* , i = 1, . . . , n) on 2n + 1 
generators. We recursively define self-adjoint matrices M(2n) ^ Mat2"(-F) for all n by, 

with M(o) = Xq. The *-algebra Ai^S"^^) is then defined by the relations that U(2n) is 
unipotent, M^2n) ~ ^"^^ self-adjoint, u*2n) ~ ""(sn)- That is, the algebra is the quotient 
of the free algebra F by these relations. 
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The self-adjointness relations merely give that x* is the adjoint of and Xq is self- 
adjoint. Unipotency gives a matrix of 2^" relations, although many of these are vacuous 
or redundant. These can be deduced inductively from ()5.8|) which gives, 

U(2n) - \^g-lx>(2„_2) - M(2n-2)< Mj2n-2) + 

The condition that u'^(2n) ~ ^ means in particular that M^2n) is diagonal with all the 
diagonal entries equal. Looking at we see that the same must be true of M2n-2 ^ 

Mat2n~i (^(S'q")), and so on. Thus, the diagonal relations require that all the diagonal 
entries of (each) u^(2j) are equal. If this is true for u^2j-2)y then the relation for u^^j) is that 
the same element (the diagonal entry) can be written in two different ways. This element 
is simply Sj and the two ways of writing it are those given in Finally, u'^^n) ~ ^ 

gives the relation s„ = 1. The off-diagonal relations are q~^U[2j~2)Xj = XjU{2j~2) and 
q~^x*U(2j-2) = U{2j-2)X*j for every j = 1, . . . ,n. Because the matrix 'U(2j-2) is constructed 
linearly from all of the generators Xj and x* for i < j, this conditions are equivalent to 
the commutation relations ()5.3a|) . This presentation of the relations by the unipotency of 
'U(2„) is also the easiest way to see that there is an isomorphism A{S'^J^) = ^4(5"^") which 
is obtained by the substitutions q q'^, xq (— g)"xo, and Xi — > (— g)"~*x*. This 
transforms the matrix ti(2n) — >■ M(2n) and the latter is is unipotent and self-adjoint if and 
only if 'U(2n) is. Thus there is an isomorphism A{S^J^) = A{Sg^), and we can assume that 
|g| > 1 without loss of generality. 

Next, consider the odd spheres 5'^'^"^ for any integer n > 0. We can construct a 
unipotent U(2n-i) £ Mat2" [^4(5'^'^"^)], simply by setting xq = in U(2n)- Once again, 
the unipotency condition, tt^2n-i) = is equivalent to the relations defining the algebra 
^(S'g""^) of polynomial functions on 5*^""^. Again, one defines self-adjoint elements Sj G 
A{S'^"'^^) such that Sj = Sj_i -|- x*Xi = g~^Sj_i + XiX* with now sq = Xq = 0. The 
commutation relations are again given by ()5.3|) but now ()5.3b|) gives in particular that the 
generator xi is normal, Xixl = xjxi. The previous argument also shows that ^4(5'^""^) is 
the quotient of A{S'^"') by the ideal generated by xq. Geometrically, we may think of 5*^""^ 
as a noncommutative subspace of S*^*^. Because of the isomorphism ^4(5'^"^) = ^4(5'^'^), we 
have another isomorphism ^4(5"^"^"^) = ^4(5"^""^), and again we can assume that |g| > 1 
without any loss of generality. 

Remark 1 The algebras of our spheres, both in even and odd 'dimensions ', are generated 
by the entries of a projections. This is the same as the condition of full projection used 
by S. Waldmann in his analysis of Morita equivalence of star products f^I]/ . 

There is also a way of realizing even spheres as noncommutative subspaces of odd 
ones. Consider set and relabel X2 as Xi, et cetera; let u'^2n+i) ^^e 

matrix obtained from M(2n+i) with these substitutions. The matrix u'(^2n+i) is the same as 
U(2„) in which we substitute 

^°^(xo 0°)' ^^-^(o X,)' ^'^O- 

Then the unipotency of M(2„+i) yields precisely the same relations coming from the unipo- 
tency of M(2n)- This shows that A^S^"^) is the quotient of ^4(5'^"''"^) by the *-ideal generated 
by Xi — Xp Geometrically, we may think of 5^" as a noncommutative subspace ofS'^'^"'"^. 
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Summing up, every sphere contains a smaller sphere of dimension one less; by following 
this tower of inclusions to its base, we see that every sphere contains a classical S^, because 
the circle does not deform. From this, it is easy to see that the spheres Sg~^ have a 
worth of classical points. Indeed, with A G C such that |Ap = 1, there is a family of 
1-dimensional representations (characters) of the algebra A{S^~^) given by 

1px{l) = 1, i'xiXn) = A, i'xiiXn)*) = A , 

M^i) = Mi^iT) = o , (5.10) 

for i = 0, 1, . . . , n — 1 or i = 1, . . . , n — 1 according to whether = 2n + 1 or = 2n, 
respectively. 

Each even sphere algebra has an involutive automorphism 

xo ^ -xo; Xj ^ Xj, j ^ 0, 

which corresponds to flipping (reflecting) the classical 5^" across the hyperplane xq = 0. 
The coinvariant algebra of a is the quotient of A{Sg^) by the ideal generated by xq, which, 
as we have noted, is simply A{Sg'^~^). 

Geometrically this means that 5*1""^ is the "equator" of S'^", the subspace fixed by the 
flip. 

As for odd spheres, they have an action p : T — > Aut[yl(5'^")] of the torus group T, 
defined by multiplying xi by a phase and leaving the other generators unchanged, 

p(A):A(5f+i)^A(^f+i) ^^^^^ 
Xi 1-^ Axi; Xj I— >• Xj, j 7^ 1. 

The coinvariant algebra is given by setting xi = 0. Now, let u'Ln+D be the matrix obtained 



(2n+l) 

T^T.^^ "'(271+1) 

17) 



by setting xi = and relabeling X2 as xi, et cetera, in the matrix M(2n+i)- Then, u" 
is equivalent to tensoring M(2n-i) with ^ ° 

W(2n+1) = M(2n-1) ® ( 1 ) 

and the result is unipotent if and only if M(2n-i) is; that is the unipotency of u'^2n+i) yields 
all and only the same relations coming from the unipotency of U(2n-i)- This shows that 
A{Sg"'~^) is the quotient of ^4(5'^"'"''^) by the *-ideal generated by xi and 5"^""^ is the 
noncommutative subspace of S"^"^^ fixed by the T-action in ()5.12|1 . 



5.1 The structure of the deformations 

For each deformed sphere S^'^, we have a one parameter family of algebras A(S'^~^) 
which, at g = 1, gives A{Si~'^) = A{S^~^), the algebra of polynomial functions on a 
classical sphere S^~^. It is possible to identify this one-parameter family of algebras to 
a fixed vector space and view the product as varying with the parameter: let us indicate 
this product with the symbol *g. We can then construct a Poisson bracket on A{S^~^) 
from the first derivative of the product at the classical parameter value, q = 1, 

if *g9 - 9*g f) ■ (5.13) 

q=l 
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The usual properties of a Poisson bracket (Leibniz and Jacobi identities) are simple con- 
sequences of associativity. 

In general, given such a one-parameter deformation from a commutative manifold Ai 
into noncommutative algebras, we can construct a Poisson bracket on functions. This 
Poisson algebra, A{Ji4) with the commutative product and the Poisson bracket, describes 
the deformation to first order. A deformation is essentially a path through an enormous 
space of possible algebras, and the Poisson algebra is just a tangent. Nevertheless, if the 
deformation is well behaved the Poisson algebra does indicate where it is heading. 

We shall also use the fact that the manifold M.'^^ has a unique symplectic structure, 
modulo isomorphism. Then, this symplectic structure corresponds to an essentially unique 
deformation. If we complete to a C*-algebra, then the deformation of Co(M^") (continuous 
functions vanishing at infinity) will be the algebra, /C, of compact operators on a countably 
infinite-dimensional Hilbert space. 

Let us go back to the spheres S^~^ and look more closely at them. 

We have seen that the 5*^""^ noncommutative subspace of 5*^" corresponds to the 
equator, 5*^""^ C 5*^", where xq = and the Poisson structure on 5*^" is degenerate. 
On the remaining S*^" \ S*^""^, the Poisson structure is nondegenerate. So, topologically, 
we have a union of two copies of symplectic M.'^^. Then, the kernel of the quotient map 
^4(5'^"') Ai^Sg"-'^) should be a deformation of the subalgebra of functions on S^"' which 
vanish at the equator. If we complete to C*-algebras, this should give us the direct sum 
of two copies of /C, one for each hemisphere. Thus we expect that the C*-algebra C(S'g") 
will be an extension: 

^ /C © /C ^ C(5f ) ^ C(5f -1) 0. (5.14) 

In odd dimensions, the Poisson structure is necessarily degenerate. However, the 5"^""^ 
noncommutative subspace of 5*^"^^ corresponds classically to the Poisson structure being 
more degenerate on S*^""^ C S'^""'"^. It is of rank 2n at most points, but of rank 2n — 2 
(or less) along S*^""^. The complement 5^"^^ \ S*^""^ has a symplectic foliation by 2n 
dimensional leaves which is invariant under the T action; the simplest possibility is that 
this corresponds to the product in the identification 

If we complete to C*-algebras, then the deformation of this should give the algebra C{S^)<S) 
/C. The kernel of the quotient map ^4(5'^""'"^) —>■ ^(5*^""^) should be this deformation, so 
we expect another extension, 

^ C{S^) © /C ^ C(Sf +^) ^ C(5f-i) ^ 0. (5.15) 

The extensions ()5.14|1 and ()5.15|1 turn out to be correct. As we have mentioned, the 
odd dimensional spheres we are considering are equivalent to the "unitary" odd quantum 
spheres of Vaksman and Soibelman jSH] ■ In j^Hl Hong and Szymahski obtained the C*- 
algebras C{Sg'^~^^) as Cuntz-Krieger algebras of suitable graphs. From this construction 
they derived the extension ()5.15|) . They also considered even spheres, defined as quotients 
of odd ones by the ideal generated by xi — xl- These are thus isomorphic to the even 
spheres we are considering here. They also obtained these as Cuntz-Krieger algebras and 
derived the extension ()5.14|) . However, as explicitly stated in the introduction to i36|, they 
were unable to realize even spheres as quantum homogeneous spaces of quantum ortho- 
gonal groups, thus also failing to realize that "unitary" and "orthogonal" odd quantum 
spheres are the same. 
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5.2 Representations 

We shall now exhibit all representations of the algebra ^4(5'^"^) which in turn extend to 
the C*-algebraC(5f-i). 

Representations of the odd dimensional spheres were constructed in The primitive 
spectra of all these spheres were compute in [221 , which amounts to a classification of 
representations. The representations for quantum Euclidean spheres have also been con- 
structed in by thinking of them as quotient algebras of quantum Euclidean planes. 

The structure of the representations can be anticipated from the construction of 5*^"^ 
via the extensions ()5.14j) and and by remembering that an irreducible representa- 

tion ip can be partially characterized by its kernel. Moreover, an irreducible representation 
of a C*-algebra restricts either to an irreducible or a trivial representation of any ideal; 
and conversely, an irreducible representation of an ideal extends to an irreducible repre- 
sentation of the C*-algebra (see for instance [26]). 

For an even sphere 5*^", the kernel of an irreducible representation ip will contain one 
or both of the copies of /C C C{Sg"'). If /C © /C C kerip, then ip factors through C(S'g"~^) 
and is given by a representation of that algebra. If one copy of JC is not in kerip, then ip 
restricts to a representation of this /C. However, /C has only one irreducible representation. 
Since JC is an ideal in C(S'g"), the unique irreducible representation of /C uniquely extends 
to a representation of C{Sq"') (with the other copy of JC in its kernel). 
Thus, up to isomorphism the irreducible representations of S"^" should be: 

1. all irreducible representations of 5"^""^, 

2. a unique representation with kernel the second copy of /C, 

3. a unique representation with kernel the first copy of )C. 

From the extension ()5.14j) we expect that the generator xo is a self-adjoint element of 
/C © /C C C{Sq"') and it should have almost discrete, real spectrum: it will therefore be 
used to decompose the Hilbert space in a representation. 

Similarly, from the construction of 5*^"^^ by the extension ()5.15j) . one can anticipate 
the structure of its representations. Firstly, if C{S^) © /C C keiip, then factors through 
C(S'q"~^) and is really a representation of Sg'^~^. Otherwise, ip restricts to an irreducible 
representation of C{S^) © /C. This factorizes as the tensor product of an irreducible 
representation of C{S^) with one of /C. The irreducible representations of C{S^) are 
simply given by the points of S^, and as we have mentioned, /C has a unique irreducible 
representation. The representations of C{S^) © JC are thus classified by the points of S^. 
These representations extend uniquely from the ideal C{S^) © /C to the whole algebra 
C(5f+i). 

Thus, up to isomorphism, the irreducible representations of 5*^"+^ should be: 

1. all irreducible representations of 5^""^, 

2. a family of representations parameterized by S^. 

In the construction of the representations, a simple identity regarding the spectra 
of operators will be especially useful (see, for instance jM])- If x is an element of any 
C*-algebra, then 

{0} U Spec x*x = {0} U Spec XX*. (5.16) 
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5.3 Even sphere representations 

To illustrate the general structure we shall start by describing the lowest dimensional 
case, namely Sg. This is isomorphic to the so-called equator sphere of Podles jin|. For 
this sphere, the representations were also constructed in in a way close to the one 
presented here. 

Let us then consider the sphere 5^. 
As we have discussed, we expect that, in some faithful representation, xq is a compact 
operator and thus has an almost discrete, real spectrum. However, we cannot assume a 
priori that xq has eigenvalues, let alone that its eigenvectors form a complete basis of the 
Hilbert space. The sphere relation 1 = x^ + xlxi = q~'^xl + xixl shows that Xq < 1 and 
thus ||xo|| < 1. As Xq is self-adjoint, this shows that Specxo C [—1, 1]. By ()5.16|) we have 
also, 

{0} U Specx^xi = {0} U Specxix^ 
{0} U Spec(l - xl) = {0} U Spec(l - q'^xl) 
{1} U Speca;Q = {1} U Specxg. 

Because we have assumed that |g| > 1, the only subsets of [0, 1] that satisfy this condition 
are {0} and {0, g-^^ | A; = 0, 1, . . . }. 

If 7^ e C(5'^) then Specxg is the latter set. We cannot simply assume that xq ^ 0, 
since not every *-algebra is a subalgebra of a C*-algebra; however, our explicit represen- 
tations will show that that is the case here. 

Now let 7i be a separable Hilbert space and suppose that we have an irreducible *- 
representation, ip : A{Sg) C{H). 

If ip{xo) = then 1 = ip{xi)tp{xi)* = ipi^iYi'i^i)- Thus ip{xi) is unitary, and by 
the assumption of irreducibility, it is a number A G C, |A| = 1. So, H = C and the 
representation is ip^^^ defined by, 

^P^^\xo)=0■, ^p^^\x^) = X, X E S\ (5.17) 
Thus we have an worth of representations with xq in the kernel. 

If ^'(^^o) 7^ 0, then 1 G SpecXg; it is an isolated point in the spectrum and therefore an 
eigenvalue. For some sign it there exists a unit vector |0) G H such that ipi^Xo) |0) = =b |0). 
The relation xqXi = qxiXo suggests that xi and xl shift the eigenvalues of xq. Indeed, for 
k = 0,1, . . . , the vector ip{xl)'' |0) is an eigenvector as well, because 

^(xo)^(xt)^ |0) = q-'^ixl'xo) |0) = ±q~'^ixl)' |0) . 

By normalizing, we obtain a sequence of unit eigenvectors, defined by 

\k) := (1 - g-2^r'/'^(^D - 1) . 

We have thus two representations ip\_ and ipL. \ and direct computation shows that 

±q-'\k), 

(l_g-2fe)i/2|^_l^^ (5.18) 

(l_g-2{m))l/2|^^^^^ 



ij^^>{xo)\k) = 
^P^I\x,)\k) = 

^p^:\xi)\k) = 
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The eigenvectors {\k) \ k = 0,1, . . .} are mutually orthogonal because they have distinct 
eigenvalues, and by the assumption of irreducibility they form a basis for the Hilbert space 

n. 

(2) 

Notice that any power of ip^ (xq) is a trace class operator, while this is not the case for 
the operators ip^^. (xi) and {xD nor for any of their powers. 

Note also that the representations ()5.18j) are related by the automorphism a in (jS.llj) . as 

^P^^K a = ip^^\ (5.19) 

If we set a value of q with |g| < 1 in ()5.18|1 . the operators would be unbounded. 
This is the reason for assuming that |g| > 1. The assumption was used in computing 
SpecxQ. Not only is ||xo|| < 1, but by a similar calculation ||a;o|| < \q\. Which bound is 
more relevant obviously depends on whether q is greater or less than 1. For |g| < 1 the 
appropriate formulae for the representations can be obtained from ()5.18|) by replacing the 
index k with —k — 1. As a consequence, the role of xi and x* as lowering and raising 
operators is exchanged. 

For the general even spheres Sg"' the structure of the representations is similar to 
that for Sg, but more complicated. The element xq is no longer sufficient to completely 
decompose the Hilbert space of the representation and we need to use all the commuting 
self-adjoint elements Sj G A{Sg"') defined in ()5.5|) . 

Suppose that ip : A^Sg"") 'C.iH) is an irreducible ^-representation. 
If ip{xo) = 0, then ip factors through A[Sg"'~^). Thus ip is an irreducible representation 
of Al^Sg"^'^); these will be discussed later. 

If ipi^Xo) 7^ 0, then ipi^o) 0; by the relations ()5.7|) . all of the ip^SiYs are nonzero. 
Proceeding recursively, we find that there is a simultaneous eigenspace with eigenvalue 
1 for all the tp{si)^s. That is, there must exist a unit vector |0, ...,0) G 7i such that 
ipi^Si) |0, . . . , 0) = |0, . . . , 0) for all i and '?/'(xo) |0, . . . , 0) = ± |0, . . . , 0). More unit vectors 
are defined by 

\ko, . . . ,k^.^) i;{xlf' . . .i;ix:f"-' \0, . . . ,0) 

modulo a positive normalizing factor. Working out the correct normalizing factors we get 
two representations tjj^'^^ defined by, 

±g-('°+-+'"-^)|fco,...,fc„_i) (5.20) 

{l-q-''-^n-^^"^^'^U---,h-i-l,...) 

(1 _ q-m-.+i)y/2q-iY:]zlk,) |_ _ _ ^ ^ _ _ _ ^ 

with i = 1, . . . ,n. With this values for the index i, we see that Xi lowers fci-i, whereas x* 
raises From irreducibility the collection of vectors {\ko, . . . , ,ki > 0} constitute 
a complete basis for the Hilbert space H. 

As before, the two representations ()5.2()|1 are related by the automorphism a, 

^i^") o a = (5.21) 

Again the formulae ()5.20|) for the representations are corrected for |g| > 1; and again the 
representations for |g| < 1 can be obtained by replacing all indices ki with — fc, — 1 in 
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In all of the irreducible representations of A(S'^"), the representative of Xq is compact; 

in fact it is trace class. We can deduce from this that the C*-ideal generated by '?/'±'*'*(a^o) 
in C{Sg^) is isomorphic to }C(H), the ideal of all compact operators on H. By using the 
continuous functional calculus, we can apply any function / e C[— 1, 1] to xq. If / is 
supported on [0,1], then /(xq) G ker?/'i^"''. Likewise if / is supported in [—1,0], then 
/(xo) G keTip^^"'\ From this we deduce that the C*-ideal generated by xq in C{S'^^) is 
/C©/C. One copy of /C is keTtp^"^; the other is ker^/^i^""*. Thus we get exactly the extension 



5.4 Odd sphere representations 

Again, to illustrate the general strategy we shall work out in detail the simplest case, that 
of the sphere S^. This can be identified with the underlying noncommutative space of 
the quantum group SUg(2) and as such the representations of the algebra are well known 

The generators {xi,x* | z = 1,2} of the algebra ^(5*^) satisfy the commutation re- 
lations X1X2 = qx2Xi, x*Xj = qXjX*,i 7^ j, [xi,x];] = 0, and [x2,X2] = (1 — q~^)xixl. 
Furthermore, there is also the sphere relation 1 = X2X2 + xjxi = X2X2 + q~'^Xix\. 
The normal generator Xi plays much the same role for the representations of that xq 
does for those of S"^. The sphere relation shows that ||xi|| < 1 and 

{0} U Specx2X2 = {0} U Specx2X2 
{0} U Spec(l - x\xi) = {0} U Spec(l - q'^Xixl) 
{1} U Specx^xi = {1} U Specx^xi, 

which shows that either xi = or Specx^xi = {0, q^"^^ \ A; = 0, 1, . . . }. 

Let '■ ^{Sg) (^{'H) be an irreducible *-representation. 
If 'ip{xi) = then the relations reduce to 1 = ip{x2)ip{x2)* = 4'{x2)*ip{x2)- Thus ip{x2) is 
unitary and by the assumption of irreducibility, it is a scalar, ip{x2) = A G C with |A| = 1. 
Thus, as before, we have an of representations of this kind. 

If ip{xi) 7^ 0, then 1 G Spec ^/'(xjxi) and is an isolated point in the spectrum. Thus, 
there exists a unit vector |0) G H such that ip^xlxi) |0) = |0), and by the assumption of 
irreducibility, there is some A G C with |A| = 1 such that ip{xi) |0) = A |0). We see then 
that iIj{x2)^ |0) is an eigenvector 

^{x,)^P{x;)' |0) = q-'Hxfx,) |0) = Xq-'^{x;)' |0) . 

By normalizing, we get a sequence of unit eigenvectors recursively defined by 

\k) := (1 - |A: - 1) . 

A family of representations ip^x^ , A G 5^, is then defined by 

^f\x,) \k) = Xq-' \k) , 
^lj^^\xl)\k) = Xq~'\k), 
^^^\x2)\k) = il-q-''y/'\k-l), 

(x^) \k) = (1 - + 1) . (5.22) 
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We notice that any power of (a^i) or {xD is a trace class operator, while this is not 
the case for the operators iIj^-^\x2) and ip^x\^2) ^'^^ ^'^^ '^^ their powers. 

Next, for the general odd spheres S'^""'"^ , let : 74(5^"+^) jCiH) be an irreducible 
representation. 

If ip{xi) = then ip factors through A{Sg"'~^) and is an irreducible representation of that 
algebra. 

If ipi^i) then ip{si) ^ 0,'?/'(s2) 7^ 0, et cetera. By the same arguments as for 5*1", 
there must exist a simultaneous eigenspace with eigenvalue 1 for all of si, . . . s„. By the 
assumption of irreducibility, this eigenspace is 1- dimensional. Let |0, . . . , 0) G 7^ be a unit 
vector in this eigenspace. Then Sj |0, . . . , 0) = |0, . . . , 0) for i = 1, . . . , n. The restriction 
of to this subspace is unitary and thus for some A G C with |A| = 1, one has that 

il){x\) |0, . . . , 0) = A |0, . . . , 0). We can construct more simultaneous eigenvectors of the 
Si's by defining 

. . . , ~ i){x2f' . . . V(a:n+i)'" |0, . . . , 0) 

modulo a positive normalizing constant. Working out the normalization, one has a family 
of representations t/'?"'''^''. 



(5.23) 



for i = 2, . . . ,n + 1. With this values for the index i, Xi lowers fcj-i, whereas x* raises 
From irreducibility the vectors . . . , k^) , fcj > 0} form an orthonormal basis of 
the Hilbert space 7i. 

As for the even case, the formulas ()5.23|) give bounded operators only for |g| > 1; and 
as before, the representations for |g| < 1 can be obtained by replacing all indices ki with 

-h - 1. 

Again, as in the even case, we can verify that ip''^'^^'^\xi) is compact (indeed, trace 
class) and that the ideal generated by il)f^^^\xi) is ]C{H), in the C*-algebra completion 
of the image ■ip^^^^^\A{S^"'^^)) . The representations tp^^^^^^ can be assembled into a 
single representation by adjointable operators on a Hilbert C(5'^)-module. With this we 
can verify that the ideal generated by Xi in C(5'g"+^) is ^(5*^) (8> /C and this verifies the 
extension ()5.15|) . 
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Summing up, we get a complete picture of the set of irreducible representations of all 

•N 



these spheres S^; or equivalently, of the primitive spectrum of the C*-algebra C{S^) of 



continuous functions on . 



For the odd spheres 5"^"^^, the set of irreducible representations is indexed by the union 



of n + 1 copies of S^. These run from the representations ip^^'^^^'* of S'^""'"^ given in ()5.23j) 

down to the one dimensional representations ipf^'' that factor through the undeformed S^. 
For the even spheres S"!", the set of irreducible representations is indexed by the union 
of n copies of and 2 points. The isolated points correspond to the 2 representations 
V'i"'' specific to S'^" and given in ()5.2()|1 : the circles correspond to representations ipf^"^'^^'' 
coming from lower odd dimensional spheres, down to the undeformed S^. 
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6 iT-homology and i^-theory for Quantum Spheres 



We explicitly construct complete sets of generators for the K-theory (by nontrivial self- 
adjoint idempotents and unitaries) and the i^-homology (by nontrivial Fredholm modules) 
of the spheres S^~^. We also construct the corresponding Chern characters in cyclic 
homology and cohomology and compute the pairing of i^-theory with i^-homology. 

We shall study generators of the if-homology and i^-theory of the spheres S^~^. The 
i^'-theory classes will be given by means of self-adjoint idempotents (naturally associated 
with the aforementioned unipotents) and of unitaries in algebras of matrices over A{S^~^). 
The iT-homology classes will be given as (homotopy classes of) suitable 1-summable 
Fredholm modules using the representations constructed previously. 
For odd spheres (i.e. for N even) the odd /^-homology generators are first given in terms 
of unbounded Fredholm modules. These are given by means of a natural unbounded 
operator D which, while failing to have compact resolvent, has bounded commutators 
with all elements in the algebra ^4(5'^""^). 

In fact, in order to compute the pairing of ii"-theory with i^- homo logy, it is more 
convenient to first compute the Chern characters and then use the pairing between cyclic 
homology and cohomology |10J. Thus, together with the generators of i^-theory and K- 
homology we shall also construct the associated Chern characters in the cyclic homology 
HC^[A{S^-^)] and cyclic cohomology HC*[A{S^-'^)] respectively. 

Needless to say, the pairing is integral (it comes from a noncommutative index theo- 
rem). The non- vanishing of the pairing will testify to the non-triviality of the elements 
that we construct in both A'-homology i^-theory. 

It is worth recalling the /^-theory and homology of the classical spheres. 
For an even dimensional sphere 5*^", the groups are 

One generator of the /f-theory [1] e K^[S'^'^) is given by the trivial 1-dimensional bundle. 
The other generator of K^{S'^'^) is the left handed spinor bundle. One i^-homology 
generator [e\ G Kq{S'^"') is "trivial" and is the push- forward of the generator of Kq{*) = Z 
by the inclusion l : * ^ S*^" of a point (any point) into the sphere. The other generator, 
[/i] G Kq^S"^"-), is the if-orientation of S"^" given by its structure as a spin manifold [TO] . 
For an odd dimensional sphere, the groups are 

The generator [1] G K^{S^"''^^) is the trivial 1-dimensional bundle. The generator of 
K^{S'^^^^) is a nontrivial unitary matrix-valued function on S'^""''^; for instance, it may 
be takes as the matrix in the limit q = 1- The trivial generator [e] G Kq{S'^'^~^^) is 

again given by the inclusion of a point. The generator [/i] G Ki(S'^"+^) is the i^-orientation 
of S"^""*"^ given by its structure as a spin manifold [ID]. 

There is a natural pairing between iiT-homology and i^-theory. If we pair [e] with a 
vector bundle we get the rank of the vector bundle, i. e. the dimension of its fibers. If 
we pair [//] with a vector bundle it gives the "degree" of the bundle, a measure of its 
nontriviality. Similarly, pairing with [fi] measures the nontriviality of a unitary. 
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The ii"-theory and i^-homology of the quantum Euchdean spheres are isomorphic 
to that of the classical spheres; that is, for any N and q, one has that K^,[C{S^~^)] = 
K*{S^~^) and K*[C{S^-^)] ^ K^{S^~^). In the case of /sT-theory, this was proven 
by Hong and Szymahski in [22] using their construction of the C*-algebras as Cuntz- 
Krieger algebras of graphs. The groups Kq and Ki were given as the cokernel and the 
kernel respectively, of a matrix canonically associated with the graph. The result for 
i^'-homology can be proven using the same techniques ED] '■ the groups and 
are now given as the kernel and the cokernel respectively, of the transposed matrix. The 
i^-theory and the if-homology for the particular case of (in fact for all Podles spheres 
S"^^) was worked out in [46j) while for = SUq{2) it was spelled out in [IHj . 

6.1 iC- homology 

Because the /^-homology of these deformed spheres is isomorphic to the i^-homology of 
the ordinary spheres, we need to construct two independent generators. First consider 
the "trivial" generator of K^[C{S^~^y\. This can be constructed in a manner closely 
analogous to the undeformed case. 

As we have already mentioned, the trivial generator of Kq{S^^^) is the image of the 
generator of the _ft"-homology of a point by the functorial map K^{l) : Kq{*) Ko{S'^^^), 
where t : * S^~^ is the inclusion of a point into the sphere. The quantum Euclidean 
spheres do not have as many points, but they do have some. We have seen that the 
relations among the various spheres always include a homomorphism ^4(5'^"^) — ^4(5"^). 
Equivalently, every S^~^ has a circle as a classical subspace; thus for every \ E 

there is a point, i. e., the homomorphism ip^^^^ : C(S'^^^) C. 

We can construct an element [^a] £ by pulling back the generator of ^^(C) 

by "^x^- This construction factors through Ko{S^). Because 5*^ is path connected, the 
points of 5*^ all define homotopic (and hence /^-homologous) Fredholm modules. Thus 
there is a single i^'-homology class [^a] £ K^[C{S^~^)], independent of A G S^. 
The canonical generator of i^r°(C) is given by the following Fredholm module: The Hilbert 
space is C; the grading operator is 7 = 1; the representation is the obvious representation 
of C on C; the Fredholm operator is 0. If we pull this back to K^[C{S^~^)] using \ then 

the Fredholm module ^a is given in the same way but with tp^^^ for the representation. 

Given this construction of ex, it is straightforward to compute its Chern character 
ch*(£A) £ HC*[A{S^~^)]: It is the pull back of the Chern character of the canonical gen- 
erator of i^°(C). An element of the cyclic cohomology HC'^ is a trace. The degree part 
of the Chern character of the canonical generator of K^{C) is given by the identity map 
C ^ C, which is trivially a trace. Pulling this back we find ch.^{ex) = "ip^x^ '■ A{S^~^) —>■ C 
which is also a trace because it is a homomorphism to a commutative algebra. These are 
distinct elements of HC^[A{S^~^)] for different values of A. However, because the Fred- 
holm modules ex all lie in the same ii"-homology class, their Chern characters are all 
equivalent in periodic cyclic cohomology defined in 1)2.211) . Indeed, applying the period- 
icity operator ()2.2()j) once one gets that the cohomology classes ^(V'i^^) e HC^[A{S^-^)] 
are all the same. For the computation of the pairing between i^'-theory and i^'-homology, 
any trace determining the same periodic cyclic cohomology class can be used. The most 
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symmetric choice of trace is given by averaging tjj^ over A G 5^ C C: 

Jgl ITXIA 

The result is normahzed, t'^(I) = 1, and vanishes on all the generators. The higher degree 
parts of ch*(£;^) depend only on the i^-homology class [e)] and can be constructed from 
r" by the periodicity operator ()2.20|1 . 



6.2 Fredholm Modules for even spheres 

We will now construct an element [/Zev] ^ ^^[^{^1^)] by giving a suitable even Fredholm 
module /x := 7). 

Identify the Hilbert spaces for the representations ip^^^'' given in ()5.20j) by identifying their 
bases, and call this Ti. The representation for the Fredholm module is 

:= V^f ) © V^i^") 

acting onTi ®'H- The grading operator and the Fredholm operator are respectively, 



^0 -ly/' \l Q 

It is obvious that F is odd (since it anticommutes with 7) and Fredholm (since it is 
invertible). The remaining property to check is that for any a G A[S'^^), the commutator 
[F, ?/'(a)]_ is compact. Indeed, 



-^f)(a)+V^i^")(a)^ 



^l'"Ha)-^i'")(a) 



However, ip^^'^\a) — ip^^'^\a) = ip^^'^\a — cr{a)] and a — a{a) is always proportional to 
a power of xq- Thus this is not only compact, it is trace class. This also shows that 
we have (at least) a 1-summable Fredholm module. This is in contrast to the fact that 
the analogous element of KqIS"^"") for the undeformed sphere is given by a 2n-summable 
Fredholm module. 

The corresponding Chern character [10] ch*{ficv) has a component in degree 0, ch°(yUev) £ 
HC'^[A(Sg'^)]. From the general construction ()H.21|1 . the element ch°(/iev) is the trace 

T\a) := I Tr {-fF{[F, ^(a)]) = Tr [^J"V) - ■ (6-1) 

As we have mentioned, t/j^'^\a) — ip^^"'\a) = tp^'^^a — cr{a)] is trace class since a — a{a) is 
always proportional to a power of xq. The higher degree parts of ch*(/iev) can be obtained 
via the periodicity operator ()2.2()j) . 

For Sq our Fredholm module coincides with the one constructed in 
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6.3 Fredholm Modules for odd spheres 

The element [/iodd] ^ ^^['^{^q"'"^^)] is most easily given by an unbounded Fredholm mod- 
ule. The corresponding unbounded operator D which, while failing to have compact 
resolvent, has bounded commutators with all elements in the algebra A{S^~^). 

Let the representation ijj be the direct integral (over A G S"^) of the representations i/j^^"'^^^ 

given in ()5.23p . The operator is the unbounded 'Dirac' operator D := A~^^. 

From ()5.23|) . we see that the representative of Xi is proportional to A and as a consequence, 

[D,tPixi)]. = tP{x,) (6.2a) 
whereas for i > 1 the representative of Xi does not involve A and therefore 

[D,tp{xi)]_ = 0, i>0. (6.2b) 

Since a \—> [D,ip{a)]^ is a derivation, this shows that [D,ip{a)]- is bounded for any 
a G A{S^'^~^^). Note however that for n > (i. e., except for 5*^) all eigenvalues of D have 
infinite degeneracy and therefore D does not have compact resolvent. 

This triple can be converted in to a bounded Fredholm module by applying a cutoff 
function to D. A convenient choice is F = x{D) where 



X{m) :-- 



1 : m > 
-1 :m<0. 



To be more explicit, use a Fourier series basis for the Hilbert space, 

[/cq, ki^ . . . , kn) := A " \ki, . . . , kn) , 
in which the representation is given by. 



Ipi^Xi) 


\ko, . . 


■ ) kn) 


= q-ikl+-+kn) 


|A;o + l,. 


• • 5 kn) , 






\ko, . . 


■ 5 kn) 


= q-{ki+-+k„) 


\ko - 1, . 


• • ; kn) , 




Ip^Xi) 


\ko, . . 


■ ) kn) 


= (1 




— ■+k„) 


, ki-i 1, . . . ) , 




\ko, . . 


■ ) kn) 


= (1 - 


+i))i/2^- 




. . , /Ci_i + 1, . . . ) , 



for i = 1, . . . , n. The Fredholm operator is then given by 

F \ko, ...,kn)= x{ko) \ko, ...,kn). 

The only condition to check is that the commutator [F, ?/'(a)]_ is compact for any a G 
C(5'q"+^). Since a i— >• [F,ip{a)]_ is a derivation, it is sufficient to check this on generators. 
One finds 

[F,V'(x,)]- = , t>l, 

\r i( ^^ It i.\ i2q-^''^-+'-^\l,k„...,kn) ■.ko = 
[F,tlj{xi)]-\ko,...,kn) = < (6.3) 

[0 -.kot 0, 

which is indeed compact, and in fact trace class. 

Thus, this is a 1-summable Fredholm module. Again this is in contrast to the fact that 
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the analogous element of Ki{S'^"''^^) for the undeformed sphere is given by a {2n + 1)- 
summable Fredholm module. 

Its Chern character |lOj begins with ch2(/iodd) ^ HC^[A{S'^"'~^^)]. From the general con- 
struction ()3.20|) . the element ch.'2[^^^^) is given by the cyclic 1-cocycle (p defined by 

^{a,b) :=iTr(V'(a)[F,^(6)]_). (6.4) 

One checks directly cyclicity, i.e. (p{a,b) = —(p{b,a), and closure under b, i.e. (p{ab,c) — 
ip{a, be) + ip{ca, b) = bip{a, b, c). 

The higher degree parts of ch*(/iodd) can be obtained via the periodicity operator ()2.2()j) . 
For Sg = SUq(2) our Fredholm module coincides with the one in \A^ . 



6.4 Singular integrals 

We could interpret the classes [/^ev] e i^°[C(5'|'")] and [/lodd] e ir^[C(S'^"+i)] as giving 
'singular' integrals over the corresponding quantum spheres. With the associated Chern 
characters given in (jfi.lj) and ()f).4j) respectively, and from the general expression 
these integrals are given by, 



/ a = T\a) , Va G A{S, 
/ a db = (j){a, b) , Va, 6 G A{S 



2n+l\ 



(6.5) 
(6.6) 



As a way of illustration, let us compute them on generators. We indicate with the 
usual Kronecker delta which is equal to 1 if i = j and otherwise. 
Firstly, for even spheres we find 



Xi T ( Xi 



Tr 



2Tr 



5. 



iO- 



Thus, we need to compute 



to=0 



ko=0 fc„„i=0 
-,— In— n 



,fc=0 



and in turn, 



Xi 



SI" 



-l\n 



HO 



Similarly, for odd spheres we find 



2n+l 



x^ dx j 



(x„x*) = -Tr(^(a;t)[F, ^(xi)]_) 5^5,1. 



We have already computed [F, ?/'(xi)]_ in eq. ()6.3|) . From that, we get 

i){xl)[F,^{xi)]-\ko,...,kn) = \'^ ''^'^^'■■■'^''^ /n 

: fco 7^ 0. 



(6.7) 



(6.8) 



(6.9) 
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Thus, 

Tr (V^(xt) [F, = E ■ ■ ■ E 2g-^('=^+-+'=") = 2 I E ^ 

fci=0 

2(1 -g 



-2k 



ki=0 k„=0 \k=0 
-2\-n 



and in turn, 

1 



/ Xi dx* = — — 6ii6ji . (6.10) 
6.5 iC-theory for even spheres 

For Sg"" we construct two classes in the i^-theory group KqIC^S^"-)] = 1? . 
The first class is trivial. The element [1] G fro[C(S'q'^)] is the equivalence class of 1 G C(S'g"') 
which is of course an idempotent. In order to compute the pairing with i^'-homology, we 
need the degree part of its Chern character, cho[l], which is represented by the cyclic 
cycle 1. 

The second, nontrivial, class was presented in |121- It is given by an idempotent e(2n) 
constructed from the unipotent ()5.8|) as 

e(2n) = |(I + M(2n)) (6.11) 

(again, for the sphere 5"^ the idempotent ()6.11|) was already in [lEl)- Its degree Chern 
character, cho(e(2n)) £ HCoyAiS'^y^, is 

cho(e(2n)) = tr(e(2„) - |l2n) = |tr(M(2n)) 

= i(g-i - l)"a;o, (6.12) 
since the recursive definition ()5.8|) of the unipotent U{2n) shows that, 

tr(M(2n)) = [(f^ - l)tr(M(2„_2)) = [(f^ - ^T^Q- 

Now, we can pair these classes with the two i^-homology elements which we con- 
structed in Section First, 

(e,,[l]) :=r°(l) = l, 
which is hardly surprising. Second, the "rank" of the idempotent e(2n) is 

(£A,e(2n)) := r°(tr(e(2n)) = 2"-^ 
Also not surprising is the "degree" of [1], 

(/zev, [1]) := r\\) = Tr [^f )(1) - ^i^")(l)] = Tr(l - 1) = 0. 
The more complicated pairing is, 

(/^ev,e(2n)) := T"^(choe(2„)) 

= Tro^(_2") o (1 - a) + l[q-' - l]"xo) 

= (g-i - 1)" Tr[V;f )(xo)] = (g"^ - 1)"(1 - g"^)"" 

= f-ir. 
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The fact that the matrix of pairings, 





[1] 


[e(2n)] 




1 


2n-l 







(-1)" 



is invertible over the integers proves that the classes [1], [e(2n)], both elements of the group 
Ko[C{S'^'')] ^ Z^, and the classes [^a], [/^ev], both in ir°[C(52")] ^ Z^, are nonzero and 
that no one of them may be a multiple of another class; thus they are generators of the 
respective groups. 

Classically, the "degree" of the left-handed spinor bundle is —1. So, the i^'-homology 
class which correctly generalizes the classical i^'-orientation class [fi] G -K'o(S'^"') is actually 

(-l)"+M/^ev]. 

6.6 iC-theory for odd spheres 

Again, define [1] G KqIC^S^"''^^)] as the equivalence class of 1 G C(S'|""'"^). The pairing 
with our element [e\] G K^[C{S'^"'~^^)] is again, 

:=r°(l) = l. 

There is no other independent generator in Kq[C{S'^"'^^)] = Z. 

Instead, i^i[C(S'^"+^)] = Z is nonzero. So we need to construct a generator there. An 
odd i^'-theory element is an equivalence class of unitary matrices over the algebra. We can 
construct an appropriate sequence of unitary matrices recursively, just as we constructed 
the unipotents and idempotents. 

Let V(2„+i) G Mat2n(A(5'|''+^)) be defined recursively by 

V(2n+1) = _Y* J M , (6.13) 

with V(i) = X\. By using the defining relations ()5.3j) one directly proves that it is unitary: 

V(2n+l)V(2„+i) = 1^(*2n+l)^(2n+l) = ^ • (6-14) 

In order to pair our fC-homology element [/iodd] G -^^Pl'S'^'^'^^)] with the unitary 
V(2n+i)5 we need the lower degree part chi(V(2n+i)) G HC^A{S'^^^y\ of its Chern charac- 
ter. It is given by the cyclic cycle, 

Chi(y(2n+1)) := itr (l^(2n+l) ® V^(*2„+l) - ^[2n^\) ® ■^'(2n+l)) 

= \{q-'^ -\Y{xx®x\-x\®Xx). (6.15) 

Now, compute the pairing, 

(/iodd, V(2n+1)) := (v?,chl(V(2n+l))) 

= -(g-2-l)Xa;t,a;i) 

= -i(g-2-l)"Tr(^(xD[F,^(xi)]_) 

= -i(g-2-l)"2(l-g-2)-" 

= (-l)"+\ 

This proves that [V(2n+i)] e K^\C{Sf^^)\ and [/iodd] e A"i[C(^2n+i^j ^^^^ nonzero and that 
neither may be a multiple of another class. Thus [V(2n+i)] and [/iodd] are indeed generators 
of these groups. 
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